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Abstract

In this paper, we focus on solving a class of constrained non-convex non-concave saddle point
problems in a decentralized manner by a group of nodes in a network. Specifically, we assume that
each node has access to a summand of a global objective function and nodes are allowed to exchange
information only with their neighboring nodes. We propose a decentralized variant of the proximal
point method for solving this problem. We show that when the objective function is p-weakly
convex-weakly concave the iterates converge to approximate stationarity with a rate of O(1/v/T)
where the approximation error depends linearly on /p. We further show that when the objective
function satisfies the Minty VI condition (which generalizes the convex-concave case) we obtain
convergence to stationarity with a rate of O(1/ VT ). To the best of our knowledge, our proposed
method is the first decentralized algorithm with theoretical guarantees for solving a non-convex
non-concave decentralized saddle point problem.

1. Introduction

In this paper we focus on solving the following saddle point problem

min max f(x, 1
mip mas f(x. y) (1)

where x € X C RP andy € Y C R? are the inputs of the function f : RP*? — R. We assume that
both sets X and ) are nonempty, convex and compact.

We are interested in studying the general non-smooth non-convex non-concave version of
Problem (1) in which f could be non-smooth non-convex with respect to the minimization variable x
and non-smooth non-concave with respect to the maximization variable y. Indeed, in such cases,
finding an optimal solution of Problem (1) is hard, in general, as we know solving a special case of
this problem which is minimizing a non-convex function is hard, in general. Therefore, we settle for
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finding a set of points (x*,y™) that satisfy the first-order optimality conditions for Problem (1), i.e.,

(Vefx5y ) (x=x) 20, (Vyf(x", ) (y —y) <0, 2

forany x € X andy € ). The focus of this paper is on distributed optimization in which the objective
function f is defined as a sum of NV individual functions f,, : RP*? — R forn € {1,..., N}, i.e,
flxy) = ZnN:1 fn(x,y). We assume that each component function f, is assigned to a node
(machine), indexed by n, in a network of size N. We would like to have an algorithm which updates
parameters in such a manner that no machine will need access to data from all other machines to
update the parameters.

2. Problem Formulation

In this section, we first introduce a formulation of the decentralized version of the general saddle
point problem in (1). Consider a network of N nodes (machines) in which each node n has access to
a local objective function f,, : RP*9 — R. Further, let x,,, y,, be the decision variables for node n.
Our goal is to solve the following distributed consensus saddle point problem

N
min max an(xn,yn) sst.x1=...=xy€X, y1=...=yn €, 3)

{xn}nsy {yndis n=1

where to ensure that nodes find the same stationary point and reach consensus we enforce the iterates
of the nodes to be equal to each other, i.e., x; = ... =xy andy; = ... = yy. It can be easily
verified that the distributed problem in (3) is equivalent to the original problem in (1) when we
enforce the consensus condition. In other words, a pair (x*, y*) is an optimal solution of (1) if and
onlyifx; =...=xy =x"andy; = ... =yy = y* is an optimal solution of (3). Let us define
1 and 1y as the indicator functions of the feasible sets X and ), respectively, and use the notation
01y and 01y to denote their corresponding subgradients. Note that 91y and 01y are normal cones
of the convex sets X’ and ), respectively, and we can express the conditions in (2) as

N N
0> Vafulx,y") +01x(x"),  0€ =) Vyfulx",y") +01y(y"). 4)
n=1

n=1

Now define the local operators B,, : R — R? and R,, : RY — R? at node n as B, ([x;y]) =
[Vxfu(%,¥), —Vy fa(x,y)] and R,([x;y]) = [01x,01y], where to simplify our notation we
defined d := p + ¢. Considering these definitions our goal in (2) and (4) can be written as the
following decentralized root finding problem

N
find st Y Bu(zn) + Ru(zn) =0, 2z1=...=2zy € Z, (5)

{an ot

where z,, def [Xn;¥n] € R? is the concatenated local variable at node n and the set Z C R? is
a convex set defined as Z := {[x;y] € R? | x € X,y € Y}. To further simplify our problem

formulation and write it in a more compact form, let us define the vector z = [z1;...;zy] € RV? as
the concatenation of all the local variables, B(z) := [B1(z1);--- ; By (zn)] € RV as the operator
corresponding to the aggregate objective function, R(z) := [R1(z1);--- ; Rn(zn)] € RV as
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Algorithm 1 DPPSP at node n

Input: initial iterate zg, step size «, weights wy,, for m € N;
1: fort=0,...,T —1do

Exchange variable z!, with neighboring nodes m € N;

3:  if ¢t = 0 then

4 7zt = (I+ a(B, Jar))_l(ZmeNn(anm - 1)zt,);

5:  else

6

7

8

»

2 = (L4 (B + Ra)) " (L, w22k, — 261 + alB(2h) + R(z)));
end if
: end for

the aggregate operator corresponding to the indicator functions, and ZV¥ < RN9 is given by

ZN = {lz1;...;2n]) € RNV | z1,...,2x € Z}. Then, the problem in (5) can be stated as
find s.t. (1N (%9 Id)T(B(Z) + R(Z)) =0, (INcl - VV)Z =0png, 2zZE€ ZN, (6)
z
where we replaced the consensus constraint z; = ... = zy with the condition (I — W)z = 0. Here

the matrix W = W @ I; € RN?*Nd i the Kronecker product of the identity matrix I; € R%*¢ and
a mixing matrix W € RV*N » where W has the sparsity pattern of the graph and is designed in a

way that the constraint (I — W)z = 0 is satisfied if and only if z; = ... = z. This is a common
approach in decentralized optimization [49], and if W satisfies the following conditions

W=WT Wiy=1y, nullI-W)=span{ly}, Oy <W <1y, (7

then (5) and (6) are equivalent. The equality conditions in (6) are coupled as z has to be chosen
for both of them at the same time. We proceed to define a new variable q (which behaves as
the dual variable for the consensus constraint) to separate these equality conditions. If we define
U2 (I- W)l/ 2, then the optimality conditions of Problem (6) imply that there exists some
p* € RN? such that for q* = Up* € RV and o > 0 we have

Uq" + «a[B(z") + R(z")] =0 and Uz* =0, (8)
where z* € RV is a solution of Problem (6); see, e.g., [40]. Equation (8) is obtained from the first
order stationarity conditions of Problem (6) where ép* can be seen as the Lagrange multiplier for
the constraint in (6). The first equation follows from the optimality condition and the second one
follows from the constraint, since —Uz* =0 <— (I — W)z* = (. Hence, instead of solving (6)
we find the optimal pair (z*, q*) for (8) by updating z and q alternatively, as we do in the following

section.

3. Algorithm

In this section, we design a decentralized method to solve the root finding problem introduced in (8)
which leads to a set of local iterates satisfying the conditions in (4). If we define v = [z;q] € R2Nd
as the concatenation of z and q, then our problem is equivalent to finding the root of 7 (v), where
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the operator 7 : R?2V¢ — R2Nd i5 defined as

o= ([ 9+ 1% WD )
T Ts v

i.e., finding a point v* such that 7 (v*) = 0. Under the condition that the operator (Z + 7) ! is
well-defined, finding a root of 7 is equivalent to finding a fixed point of the operator (Z + 7)™ !,
which is a point that satisfies v* = (Z + 7)~!(v*). This problem can be solved by following the
recursive update vi*! = (Z + T)~!(v'). However, it can be verified that implementation of this
algorithm in a distributed setting is infeasible as computing the inverse operator (Z + 7)) ! requires
global communication.

To resolve this issue, we introduce a system which has the same root as 7 (v) = 0 and can be
implemented in a distributed fashion. To do so, we consider the problem of finding a fixed point of
the operator (D 4 7)~'D instead of (Z + 7)~!, where D > 0 is a positive definite matrix. Note
that if v* is a fixed point of (D +7)7!D, i.e., v¥ = (D +7)~!D(v*) then it satisfies the condition
Dv* + Tv* = Dv* which implies that v* is a root of 7. Hence, if the operator (D + 7)~ ! is
well-defined, by updating the iterates based on the following fixed point iteration

vitl = (D +7)"'Dv!, (10)

we can find a fixed point of (D + 7)~!D and consequently a root of the operator 7. Later in
Section 4, we show that the operator (D + 7))~ is well-defined (Lemma 1) and prove by following
the update in (10), the iterates converge to a fixed point of (D + 7)~'D. We would like to highlight
that the update in (10) can be interpreted as performing a proximal-point update, and for this reason
we refer to our proposed method as Decentralized Proximal Point for Saddle Point problems (DPPSP).
To ensure that the update in (10) can be implemented in a distributed manner we define D as

Al U
D_{U 1]- (11)

To check that D is positive definite note that, based on Schur complement, D - 0 holds if and only
if I — U? = W = 0, which is satisfied based on the last condition in (7). The operator (D + 7)~!
can be implemented in a distributed fashion, as it can be simplified to

(a[B+R]+I)"! (a[B+R]+I)7'U '

0 I 12)

(D+T)‘1=[

The operator (a[B + R] + Z)~! has a block diagonal structure and can be computed locally.
Moreover, the operator U is graph sparse and can be implemented by exchanging information among
neighboring nodes. Therefore, DPPSP is a fully decentralized method. Now we proceed to formally
state the local updates of nodes for implementing DPPSP. By premultiplying both sides of (10) by
(D + T) and plugging in the definitions of v, D, and 7 we obtain

2 4 a[B(z'T) + R(z)] = 2! + Uq' — 2Uq" M, (13)
qt+1 — UZt 4 qt. (14)
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Substitute q'* in (13) by its update in (14) and use the definition U2 = I — W to obtain
2 4 a[B(z) + R(z1H)]) = 2W - 1)zl — Ud!, (15)
gt = Uzt + ¢ (16)
By subtracting two consecutive updates of z we can eliminate q from the update of z and obtain
27+ a[B(z) + R(zHY)]) = 2Wz! — Wzl + o[B(z!) + R(z))], (17)

fort > 1. By setting q° = 0, the update for ¢ = 0 is given by z! +a[B(z') +R(z!)] = (2W —1I)z°.
Note as the mixing matrix W has the sparsity pattern of the graph, computation of 2Wz! and Wzl 1
in (17) can be done in a distributed manner. Further, if the operator (Z +a(B+R)) ! is well-defined,
then it can be implemented in a distributed fashion as both 3 and R have a block diagonal structure.
The steps of the DPPSP method are summarized in Algorithm 1.

4. Theoretical Results

In this section, we first show that the inverse operators (D + 7)~! and (I + (B + R))~! are
well-defined for a properly chosen .. Then, we characterize convergence properties of DPPSP.

Lemma 1 Consider the definitions of the operator T in (9) and the matrix D in (11). Then,
(i) The operator B + R is p-weakly monotone.
(ii) If we set o« < p~L, then the operator (I + a(B + R)) ™! is well-defined.
(iii) If o < (1 — (1 = Anin(W))2)/(2p), then D + T is (Anin(W) /4)-strongly monotone.

The results in Lemma 1 show that if the stepsize « is properly chosen then both operators
(D+ T7)'and (I + a(B + R))~! are well-defined. Hence, the updates in (10) and (17) are
well-defined.

Theorem 2 Consider the DPPSP method outlined in Algorithm 1. Suppose the conditions in
Assumption 1-2 are satisfied and the stepsize is chosen such that o < 1/(2p). If we run DPPSP for
T iterations and choose one of the iterates s uniformly at random form the time indices 1, ...T, then

N
s Aot N (16— ¢ >
E, Bo(z) + Ro(23)||| < — ; 2apND |, 18
S Buler) + <z>] ! Amm<w>< 2y 2 a8)
0 %
Es[||UzS+1||1sW“+ 2apND, (19)

where ||¢° — ¢*||m = ||zo — 2*[| + [|Uzo — q*||, and z* and q* are defined in (8).

The result in Theorem 2 shows that after 7" iterations if we choose one of the iterates uniformly
at random, then in expectation the iterates satisfy first-order optimality condition up to an error of
O(/p+1/VT),ie. E| SN Bo(28)+Ra(23)]]] < O(,/p+1/V/T), and the expected consensus
error is also of O(y/p+ 1/VT), i.e., E[||[Uz* ||| < O(,/p + 1/V/T). Exact convergence is shown
in the following Theorem under the additional Assumption of Minty VI (Assumption 3)
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Theorem 3 Consider the DPPSP method outlined in Algorithm 1. Suppose Assumption 1-3 hold
and the stepsize is chosen such that o« = 1/(2p). If we run the DPPSP algorithm for T iterations

and choose one of the iterates s uniformly at random form the time indices 1, ..., T then we have
E EN Bu(z2™) + Ru(z2™)||| < —= Es [||UZ°|] < (20)
z z ) z .
S — n n mn n — /7T S /7T

Theorem 3 shows that once the MVI assumption holds, the iterates generated by DPPSP can
achieve any arbitrary € accuracy. In particular, they find a solution with an e-first-order optimality
gap and an e-consensus error after at most O(1/¢€?) iterations. The convergence result in Theorem
2, which does not require the MVI assumption, depends on the graph structure (through Ay, (W)).
However, in Assumption 3, we assume that the point z* which satisfies MVI is common to all
local operators. This leads to the convergence rates in Theorem 3 that are independent of the graph
structure.
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SUPPLEMENTARY MATERIAL

5. Related Work

Saddle-point problems. Min-Max optimization, also known as saddle point problem, is a well
studied area and several algorithms have been proposed to solve this problem. The celebrated
Proximal Point method was introduced in [20] and analyzed in [33] for the case that f(x,y) is
strongly convex-strongly concave or bilinear. Following this, several inexact versions of the proximal
method were proposed to solve the problem including the hybrid inexact proximal method [25],
which generalizes the extragradient method studied in [16, 28]. Recently optimistic gradient descent
ascent (OGDA) was proposed and analyzed for solving saddle point problems [9, 17, 23, 24]. All
these works consider the setting where f(x,y) is (strongly)convex-concave. Several other papers
study the setting where the objective function f(x,y) is nonconvex with respect to x but is concave
with respect to y [14, 19, 30, 32, 45], or study specific cases of non-convex non-concave problems
[18, 34]. In a parallel line of work, several papers including [5, 29, 31] study the stochastic version
of the problem where we only have access to an unbiased estimate of the gradient and not the true
gradient itself. For the general non-convex non-concave setting, most of the existing works focus
on showing that the gradient descent ascent (GDA) method and its infinitesimal counterpart (GDA-
dynamic) converge asymptotically to the local Nash equilibrium points [2, 7, 13, 26]. However, all
the mentioned works aim at finding a saddle point in a centralized setting and cannot be applied to
decentralized settings.

Decentralized optimization. There are several works which study the problem of decentralized
minimization when the objective function is (strongly) convex. For such settings, methods like
Decentralized Gradient Descent (DGD) [12, 27, 49], Augmented Lagrangian Method (ALM) [22,
40, 42, 43], distributed implementations of the alternating direction method of multipliers (ADMM)
[3, 4, 37, 41], decentralized dual averaging [8, 46], and several dual based strategies [35, 36, 47]
are proposed and their corresponding convergence guarantees are established. Recently, there have
been some works which look at the problem of decentralized minimization when the function is
non-convex and show convergence to a first-order stationary point [10, 11, 38, 39, 44, 50]. However,
all these works rely crucially on the fact that the goal is minimizing a function, and the analysis
cannot be easily extended to the setting of min-max optimization which we consider in this paper.

Decentralized saddle-point problem. There are multiple works which look at the decentralized
saddle point problem when the objective function is convex-concave [15, 21, 48]. However, none of
these works provides any convergence guarantees for non-convex non-concave problems.

6. Definitions and Assumptions
In this section, we present definitions and assumptions that we will be using throughout the paper.

Definition 4 Consider a function ¢ : RP — R. The function ¢ is
(a) convex over X if for any x,x € X we have ¢p(x) > ¢(x) + (Vop(x), X — x).

(b) p-strongly convex over X if for any x,%x € X we have ¢(Xx) > ¢(x) + (Vp(x),x — x) +
1% — x|
2

(c) p-weakly convex over X if for any x,x € X we have if p(X) > ¢(x) + (Vo(x), %X — x) —
)% — x|
2

10
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Further, a function ¢(x) is concave, u-strongly concave, or p-weakly concave, if —¢(x) is
convex, [-strongly convex, or p-weakly convex, respectively.

Definition 5 Consider an operator F : R* — R®. The operator F is

(a) monotone over Z if for any z,z € Z we have (F(z) — F(z),z —z) > 0
(b) p-strongly monotone over Z if for any z,z € Z we have (F(z) — F( ) —2) > pllz—z|>%
(c) p-weakly monotone over Z if for any z,% € Z we have ' (F(z)— F(2),z—12) > —p||lz—2|*

Definition 6 We call the inverse operator G~' well-defined, if for any z the problem of finding u such
that u = G~'(z) has a unique solution. As a consequence, the operator (I + F)~! is well-defined if
the norm of the operator F is strictly smaller than 1, i.e., || F(z)|| < ||z|| for any z.

Now we are at the right point to state the assumptions that we will use in the rest of the paper.

Assumption 1 The objective function f(x,y) is p-weakly convex with respect to x and p-weakly
concave with respectto 'y forallx € X andy € ).

Assumption 2 The sets X and Y are convex, closed and bounded.

Next, we characterize the properties of F'([x,y]) = [Vxf(x,¥); —Vy f(x,¥)].

Lemma 7 Consider the variable z = [x;y| and the operator F(z) = [Vxf(x,y); =Vy f(x,¥)],
and the set Z = X x ). If the conditions in Assumptions 1-2 are satisfied then the operator F' is
p-weakly monotone over the set Z, and Z is convex, closed and bounded with a diameter D.

Assumption 3 (Minty Variational Inequality [MVI]): There exists a point z* such that for every
local operator By, B,,(z)" (z — z*) > 0 forany z € Z.

This is a standard assumption which is made for non-convex optimization problems (see [6], [18] for
more details). This assumption is clearly satisfied when the operator is monotone. Pseudo-monotone
operators, i.e., operators which satisfy the property (F(y),z —y) > 0 = (F(x),x —y) > 0,
also satisfy this condition. For more examples of operators that satisfy the MVI condition check [6].

7. Numerical Experiments

In this section, we show the empirical performance of DPPSP in the context of GAN training We
use the number of iterations to measure the computational cost of each algorithm. The number of
samples used per-iteration are identical for all settings and hence the the number of iterations is
proportional to the wall-time. To assess the capability of generators in training, we run the code
downloaded from [1] to produce a pair of “optimal” discriminator and generator, which are able
to generate high-quality and diversified images. We use the optimal discriminator to evaluate the
performance of the local generators. The global g;,s, is defined to be the average of local losses.
Note that we do not use the optimal discriminator and optimal generator to guide network training.

1. We only need access to an upper bound for the weak-monotonicity parameter p (as in standard convex/nonconvex
optimization settings where we need an upper bound for the smoothness parameter L), and we don’t need access the
smallest p possible. Indeed, finding the best p would lead to the best theoretical result (as in standard optimization that
knowing the best Lipschitz constant L would lead to the best theoretical guarantee). Also, we’d like to add that when
the function is L-smooth, a trivial upper bound for the parameter p is L.

11
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Figure 1: Generator Loss Figure 2: Different Sparsity

In all experiments, we assign p = 25. Our experiments are conducted on MNIST dataset as well as
celebA dataset.

We use SGD as baseline to validate the performance of the proposed DPPSP method. In Figures
1 and 2, we show the performances of DPPSP with varying number of nodes and different graph
connectivity on the MNIST dataset. Single-node DPPSP method outperforms SGD. The advantage
of DPPSP is more significant when we have more processing nodes. Note that the number of samples
used per iteration are identical for all the considered settings. Concretely, Figure 1 shows the (i) the
advantage of DPPSP holds over SGD (even when N = 1) and (ii) how its performance improves
when we have more nodes for MNIST dataset. SGD is run on a single machine which stores all of the
training data. Single-node DPPSP has N = 1 and W = 1. It also has access to all data like SGD. For
N > 1, the training data is randomly and equally split to the /N machines. We generate graph edges
with probability 0.4 and set W = I — L/7, where L is the Laplacian matrix and 7 > A0, (L) /2
is a scaling parameter. The graph structure is constant throughout training. We conduct extensive
search over hyperparameter o and report best results. It can be seen that the single-node DPPSP
method outperforms SGD. The advantage of DPPSP gets clearer when we have more nodes, which
shows the scalability of DPPSP. We can also observe that DPPSP becomes more stable when more
nodes are available in the network. Note that Equation (17) is identical to a proximal problem, i.e.,
241 = argmin,, f;(z) + 5|z — z¢||%. Now, using the assumption that f; is weakly convex, we can
construct a strongly convex problem by choosing an appropriate «. The number of steps used to solve
this strongly convex problem is a hyper-parameter and empirically selected. This extra computation
is considered in the runtime comparison, i.e., each ‘iteration’ in the comparison of DPPSP and SGD
comprises of gradient steps.

To show the impact of the graph structure, we vary the edge sparsity and test the proposed DPPSP
method on ten-node graphs. The edges are generated randomly with probabilities 0.1, 0.2, and 0.4
with corresponding edge numbers of 21, 27, and 45, respectively. As we observe in Figure 2, DPPSP
with p = 0.4 has the best graph connectivity and hence has the best performance.

To better illustrate the advantage of DPPSP over SGD we compare the images produced by
these two methods as time progresses. Table 1 shows images generated during training for SGD
and DPPSP with 1, 10, 20, and 30 nodes. We present the images produced by these methods after
2340, 4680, 9360, 18720, and 28080 iterations. We observe that after 4680 iterations, DPPSP-20 and
DPPSP-30 already have generated reasonable images, in particular, images of DPPSP-30 have better

12
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Table 1: Fake images produced by generators that are trained using SGD and variants of DPPSP.

iterations 2340 4680 9360 18720 28080
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8]/ AR E
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@ 14 @
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time time
Figure 3: Generator Loss Figure 4: Different Sparsity

quality than the ones generated by DPPSP-20. Generators trained by SGD and DPPSP-1 output
unsatisfactory samples even after 28080 iterations. According to these results, increasing the number
of processing units not only leads to a smaller loss for the generator but also produces images with
higher quality.

Instead of comparison with respect to the number of iterations, we have the comparison in terms
of the actual time taken to run the experiement. This is to avoid any confusion regarding the definition
of ’iteration’ used in the previous plots.

We also compare SGD and DPPSP on the celebA dataset. Figure 5 demonstrates the loss of
generator corresponding to SGD and DPPSP with 10 processing nodes. Similarly, here we also
observe that the generator loss associated with DPPSP is smaller than the one for SGD. Also, the
DPPSP algorithm is more stable compared to SGD. The minibatch size is 128 for both MNIST and

celebA.

13



A DECENTRALIZED PROXIMAL POINT-TYPE METHOD FOR SADDLE POINT PROBLEMS

Table 2: Fake images produced by generators that are trained using SGD and variants of DPPSP.

Time 41.476s 82.953s 165.906s 331.811s 497.717s
BRQAa <] 7] 2]
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DPPSP-1 El G E 1] 7]2]
BAAE §OR B0 HBAA
8]/ AR E
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DPPSP-20 HEH EEE WAnn
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Figure 5: Performance (Generator Loss) of DPPSP with 10 nodes on the celebA dataset.

8. Proofs

8.1. Proof of Lemma 1

13 = SGD
== DPPSP Ten Nodes
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time
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First, we show that the operator B + R is p-weakly monotone. To do so, note that

(B+R)(z1) — (B+R)(z2),21 — 22)
(B(z1) — B(z2),21 — 22) + (R(z1) — R(22),21 — 22)
(B(z1) — B(z2),21 — 22)

AVARAY]

—pllz1 — z|?
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where the first inequality holds due to the fact that the sets X and ) are convex and therefore their
indicator functions are also convex which implies that the operator R is monotone, and the second
inequality follows from the fact that operator 5 is p-weakly monotno. Therefore, the operator 5+ R
is p-weakly monotone, and if we choose o < 1/p then (Z + a(B + R))~! is well-defined.

Now we proceed to show that the operator £ = D + 7T is strongly monotone. Note that we can
write the operator £ as

- (5™ g+ )
5 s Y

Based on the first part of the proof we know that a(B + R) is ap-weakly monotone. Therefore, the
operator & is also ap-weakly monotone. Now we proceed to show that & is strongly monotone. We
can write

(E2(va) — Ea(va), va — V1)

((z2 +2Uq2) — (z1 +2Uq1),22 — z1) + (42 — q1, 92 — q1)

= (22 — 21,22 — 21) + 2(U(q2 — q1),22 — 2z1) + (42 — 91,92 — q1)
> ||z2 — z1]]* = 2||U||la2 — aul||z2 — z1]| + [la2 — au ||

(23)

If we define 8 := max{|A\nin(U)|, | Amaz(U)|}, then it can verified that |[U|| < . Using this
inequality we can show that

(E2(va) — E3(va), v — v1) > ||z — z1|” — 2B||q2 — aul[|z2 — z1]| + [la2 — au |

> ||lzg — 21| — Bllaz — aul* — Bllz2 — z1[* + [laz — au [

= (1-B)z2 —z|* + (1 - B)llaz — |

= (1= B)[va —v1|”. (24)
Now note that U = (I — W)!/2. Since the eigenvalues of W belong to the interval (0,1] it
can be easily verified that U is positive semidefinite. We can further show that A, (U) =

(1 = Amin(W)Y2 and A\ppin (U) = (1 — Apae(W)) /2. Therefore, 8 = (1 — A\nin(W))'/2. This
result implies that £ is 1 — (1 — \yin (W))/2-strongly monotone. Therefore we can write

(E(va) — E(va),va — vi) > (1 — (1 = Amin (W))H/2 = ap) v — vi /2 (25)
Hence, if we choose the stepsize a such that

_ _ . 1/2
o < 1—(1 )\,;m(W)) ’ 26)

then £ is strongly monotone. In particular, if we set & < (1 — (1 — Apnin(W))/2)/(2p), then & is
(1 — (1 = Apnin(W))1/2) /(2)-strongly monotone. As 1 — (1 — )'/2 is lower bounded by /2 for
x € [0, 1], this result shows that the operator £ = D + 7 is (Apin (W) /4)-strongly monotone when
0 < (1= (1= Amin (W))/2)/(20).
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8.2. Proof of Theorem 2
Consider the operator F B + R. Note that using the update rules in (15) and (16), we can show
that
aF (27 = (2W — D)zt — 27! — Uq!

= (2W —I)z! — 27! —Ug™ + (I - W)2!

— Wzl — 71— Uqtt!

— Wzl — 2!t —Uq ™2+ (I- W)Zt+1

= W(z' — 2! — Uq'*2 (27)

Based on the first optimality condition in (8) we know that «F(z*) + Uq* = 0. By subtracting the
optimality condition from (27), we obtain that

of F(2") — F(2")] = W(z' —2") — U(q"™*? — ). (28)
Using the result in (28), we can write

(2" — 2" o F(z*) — F(z"*))
<Zt+1 o Z*, —W(Zt _ Zt—l—l) + U(qt+2 o q*)>
— <Zt+1 _ Z*,W(ZtJrl _ Zt)) + <Zt+1 _ Z*,U(qt+2 - q*)>
(2 — 2 W™ —2) + (a'"? — g™ g2 - q7), (29)

where the last equality uses the definition of q' and that Uz* = 0. By applying the generalized Law
of cosines 2(a, b) = ||al|? + ||b||?> — ||a — b||?, we can write the first inner product as

. 1
(@ — 2" W — 7)) = 2 (Hztﬂ — 2|5 + 127 =25, — 2 - Z*”%V) G0

and the second inner product as

@ —d"d?—q") =< (ld =P+ |ldP =P = a7 = q*?), 3D

N

Substitute the expressions in (30) and (31) into (29) to obtain

<Zt+1 o z*,oz[]:(z*) o f(zt+1)]>
1 t+1 *12 t+1 t)2 t *|2
=3 (I = 2% + 124! = 2%, — 12 — 2%,
1 N N
+5 (a2 —a|? + a2 =™ = fla™" = q"|?) (32)

Now we define matrix M € R2V4x2Nd and sequence of vectors ¢! € R?V4 as

s [W 0 N
M:[O I:|7 ¢t:[q?+1]- (33)
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Considering these definitions we can write the inequality in (32) as

1" — & Rg + ¢! — @'} — 19" — ¢" [} = 20(2"™" — 2", F(2") — F(z"1)).

Using the fact that F = B + R is p-weakly monotone, we have
20(z"™ — z*, F(z*) — F(z'™)) < 2ap|z'™ — z*||2.
Replace the upper bound in (35) into (34) and regroup the terms to obtain

o' = ¢" I3 — ¢ = &7I1Rs > I — @I} — 20|z — 2"]*.

(34)

(35)

(36)

Replace ||z+! — z*||2 = IV ||z5F — 5|2 by its upper bound N D? where D is the diameter of

the set Z.
" — ¢* % — 10" — @*I3x > 10" — &'[]3x — 20pND?.

Sum the above inequality from ¢ = 0 to T" — 1 to obtain

T—1
16° — ¢*[13g — 16" — &*I3x = > ll¢""" — ¢'[[3g — 20pTND?
t=0

which implies that

T-1

U e 9=
fZ”‘b _¢”M—#+ ap
t=0
Therefore,
T-1 0 .
1 tH1_ty2 1 6" — "I 2
- - < - 2apN D
TZHZ ZH_/\-(W) T + 2ap
t=0 min
and
-1 T-1 0 * 12
1 1 _
= la—d P = 2D (U < 8"~ &7l | 50pv 02
T T T
t=0 t=0
Assume that we choose one of the iterates s uniformly at random from O, ...,7T" — 1, then
1 0 %2
Es[stJrl_stQ} < _ <H¢ ¢ HM +2apND2>
)\min(w) T
and
0 %2
U+ ) < 102

Now, using the fact that E[X] < y/E[X2] and va + b < \/a + /b for positive a, b, we have

E[lz"*" —2°|] <

(M,

= 2apND
)\min (W) \/T P )
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and

0 1%
EMUf“m<WﬁV§”M+ 2apN D (45)

Now based on the expression in (27) we have
O[.F(Zt+l) — W(Zt _ Zt+1) o th+2. (46)

Multiply both sides by the the vector 1y ® I; we obtain

a(ly @I T Fzh) = Ay o 1y) T (2! — 2. (47)
which implies that
N N
@) (Balzy™) + Rl ) = ) (2, —zi). (48)
n=1 n=1
Therefore,
N N
|y Bulzy™) + Ralzt)| < D llzn — 20|
n=1 n=1

Z 2!, — 2713

< Vet (49)

IN
L

Hence, we can show that

1 N 1¢° — ¢"Im >
— - 2apN D 50
]S a Amm(w>< T VR O

s+1 —|—R ( s—l—l)

8.3. Proof of Theorem 3

Consider z = [z*;...;z*] where z* is the point that satisfies the condition in Assumption 3. Then
we can show that

B(z)'(z—2") >0, (51)
for any z = [zy;...;zy] € ZV. Further, note that it can be verified that R(z) " (z — 2*) > 0, as

there always exists a subgradient which has a positive inner product with the vector z — z*. Hence,
(B(z) + R(z))" (z—2") > 0, (52)

for any z € ZV.
Now we proceed to show that there exists a vector @* such that the vector v* = [z*; q*| satisfies
the condition
T) (v-¥*) >0, (53)
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for all v = [z; q] such that z € Z" and q € RV, To do so, consider §* as a vector that belongs to
the null space U, i.e., Uq* = 0. Hence, for any z € ZN we have zTUq* = 0. Therefore, we can
write

a(B(z) +R(2)) (z — ") + 2 U§* >0, (54)

Furter, we know that z* belongs to the null space of U and therefore (z*) ' Uq = 0 for any q € RV¢,
Therefore, we have

a(B(z) +R(z)) " (z —2") +2' UG* — q' Uz* >0, (55)
Now add and subtract z ' Uq to the left hand side to obtain
a(B(z) + R(z))" (z —2") — 2" U(a - a*) +q' Uz - 2*) 2 0, (56)

for any z € ZV and q € R, This expression can also be written as

a[B+R](z) + Uq| ' [z - 2*
[ " Ua ] q- & >0 (57)
which is equivalent to
a[B + R] U} H)TZ_Z*] - 53
({ -U 0] |a a-q"| ~ o

By considering the definitions of T, v, and v*, it can be verified that (58) implies (53).
Note that the sequence of iterates generated by our proposed method satisfy the condition

TV + D —vh) =0, (59)
Consider the definition [|al|} := a” Aa. Then, it can be verified that
Hvt . ‘A/*H]Z) — Hvt—l-l . ‘A,*||]2) + Hvt—l—l o vt||]2:) + 2(Vt o vt+1)TD(vt+1 . ‘7*)
= V= R V=V 2T (T (v - )
> [V =B+ IV = VD (60)
If we sum both sides from & = 0 to k = T — 1 we obtain that

T-1
DIV =V < V0 =P vy — (61)
t=0

Therefore, if we choose one of the indices k from 0 to 7" — 1 with probability 1/7" the expected value
of the random variable ||[vi*! — v?||? will be

T-1
ES[HVS+1 sH T | t+1 tHQ
k=0
[[v0 =+
62
< T (62)
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Based on the equality in (59) we can show that

a[B 4 R] (Zt+1) 4 th+1 Zt _ Zt+1 + U(qt _ qt+1)
_Ugttl = U(zt _ Zt+1) + qt _ qt+1 (63)

Multiply both sides of the first equality by the vector 1 ® I; to obtain which implies that

N N
ad (Bu(zh™) + Ru(z ) = (2, — 2. (64)
n=1 n=1
Therefore,
N
0|2 Bu(al ) + Rz <Z||z 2
n=1

N
< ANl — 203
n=1

< VN|z" — 2, (65)
Hence, we can show that
N 2
N ||v0 —v*|?
E B (z5th) + Ry (251! < T 66
SHZI(H()QQT (66)
Further, we can show that
S 1 s|(12
E,[|Uz°||?] =7 Z Uz
1 t+1 t2
ZfZHq —d'|
t=0
VO—\AI* 2
<= “

As we simply can choose §* as ¢* = 0 and the initial iterate is q° = 0 we can simplify ||[v® — v*||?
as ||z° — 2*||? in both (66) and (67).
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