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Abstract

Virtually all state-of-the-art methods for training supervised machine learning models are vari-
ants of SGD, enhanced with a number of additional tricks, such as minibatching, momentum, and
adaptive stepsizes. However, one of the most basic questions in the design of successful SGD
methods, one that is orthogonal to the aforementioned tricks, is the choice of the next training data
point to be learning from. Standard variants of SGD employ a sampling with replacement strategy,
which means that the next training data point is sampled from the entire data set, often indepen-
dently of all previous samples. While standard SGD is well understood theoretically, virtually all
widely used machine learning software is based on sampling without replacement as this is often
empirically superior. That is, the training data is randomly shuffled/permuted, either only once at
the beginning, strategy known as random shuffling ( ), or before every epoch, strategy
known as random reshuffling (Rand-Reshuffle), and training proceeds in the data order dictated by
the shuffling. and Rand-Reshuffle strategies have for a long time remained beyond
the reach of theoretical analysis that would satisfactorily explain their success. However, very re-
cently, Mishchenko et al. [23] provided tight sublinear convergence rates through a novel analysis,
and showed that these strategies can improve upon standard SGD in certain regimes. Inspired by
these results, we seek to further improve the rates of shuffling-based methods. In particular, we
show that it is possible to enhance them with a variance reduction mechanism, obtaining linear
convergence rates. To the best of our knowledge, our linear convergence rates are the best for any
method based on sampling without replacement. Moreover, we obtained convergence guarantees
for general convex and non-convex settings.

1. Introduction

The main paradigm for training supervised machine learning models—Empirical Risk Minimization (ERM)—is an opti-
mization problem of the finite sum structure

min | f(z) =5 3 fi(@)|, M
zER i=1
where = € R? is a vector representing the parameters (model weights, features) of a model we wish to train, n is the
number of training data points, and f;(x) represents the (smooth) loss of the model = on data point . The goal of ERM
is to train a model whose average loss on the training data is minimized. This abstraction allows to encode virtually all
supervised models trained in practice, including linear and logistic regression, and neural networks.

The gigantic size of modern training data sets necessary to train models with good generalization poses severe issues
for the designers of methods for solving (1). Over the last decade, stochastic first-order methods have emerged as the
methods of choice, and for this reason, their importance in machine learning remains exceptionally high [5]. Of these,
stochastic gradient descent (SGD) is perhaps the best known, but also the most basic. SGD has a long history [2, 32] and
is therefore well-studied and well-understood [9, 12, 18, 27, 30].

Training data order. Standard and even variance-reduced variants of SGD employ a sampling with replacement
strategy [10], which means that the next training data point in each epoch is sampled from the entire data set, indepen-
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dently of all previous samples. However, virtually all widely used machine learning software is based on sampling without
replacement as this is often empirically superior [4, 31], and therefore acts as the de-facto default sampling mechanism
in deep learning [1, 37]. With this latter strategy, in each epoch we sample each training data exactly once, and this can
be performed by generating a random permutation of the training data.

There are three commonly used variants of sampling without replacement.

(1) In the first, which we call deterministic shuffling (Det-Shuffle) in this paper, the training data is processed in
some natural order in a cyclic manner. That is, a deterministic permutation is used throughout the entire training
process. This idea is the basis of the Cyclic-GD method [13, 21]. While this strategy is not effective in practice, it
is perhaps the simplest strategy conceptually, and has been studied repeatedly. However, it is notoriously difficult
to obtain good guarantees for it.

(ii) In the second variant, which we call random shuffling ( ) in this paper', the training data is instead
shuffled/permuted randomly. This is done only once, before the start of the training process, and the selection of
training data then follows a cyclic pattern dictated by this single random permutation [26]. The purpose of this
procedure is to break the potentially adversarial default ordering of the data that could negatively affect training
speed. Almost no non-trivial analyses exist for this method [23]. This strategy works very well in practice.

(iii) In the third variant, known as random reshuffling (Rand-Reshuffle), the training data is randomly reshuffled
before the start of each epoch. This is perhaps the most common and relatively most studied approach. Its
empirical performance is, however, often very similar to , and the current best theoretical bounds
for both are the same [23].

Difficulties with analyzing shuffling-based methods. The main difficulty in analyzing methods based on sampling
without replacement is that each gradient step within an epoch is biased, and performing a sharp analysis of methods
based on biased estimators is notoriously difficult. While Cyclic-GD was studied already a few decades ago [3, 22],
convergence rates were established relatively recently [15, 20, 27, 38]. For the method, the situation is
more complicated, and non-vacuous theoretical analyses were only performed recently [29, 34]. Rand-Reshuffle is well
understood for twice-smooth [16, 17] and smooth [25] objectives. Moreover, lower bounds for Rand-Reshuffle and
similar methods were also recently established [29, 34]. Mishchenko et al. [23] recently performed an in-depth analysis
of Det-Shuffle, and Rand-Reshuffle with novel and simpler proof techniques, leading to improved and
new convergence rates. Their rate for , for example, tightly matches the lower bound of Safran and Shamir
[34] in the case when each f; is strongly convex. Further, Rand-Reshuffle can be accelerated [16], and for small constant
step-sizes, the neighborhood of solution can be controlled [35]. However, despite these advances, Rand-Reshuffle and
related method described above still suffer from the same problem as SGD, i.e., we do not have variants that would have
a fast linear convergence rate to the exact minimizer.

Variance reduction. Despite its simplicity and elegance, SGD has a significant disadvantage: the variance of naive
stochastic gradient estimators of the true gradient remains high throughout the training process, which causes issues with
convergence. When a constant learning rate is used in the smooth and strongly convex regime, SGD converges linearly
to a neighborhood of the optimal solution of size proportional to the learning rate and to the variance of the stochastic
gradients at the optimum [11]. While a small or a decaying learning schedule restores convergence, the convergence
speed suffers as a result. Fortunately, there is a remedy for this ailment: variance-reduction (VR) [19]. The purpose of
VR mechanisms is to steer away from the naive gradient estimators. Instead, VR mechanisms iteratively construct and
apply a gradient estimator whose variance would eventually vanish. This allows for larger learning rates to be used safely,
which accelerates training. Among the early VR-empowered SGD methods belong SAG [33], SVRG [19], SAGA [7],
and Finito [8]. For a recent survey of VR methods, see [11].

Related work. Some cyclic and random reshuffling versions of variance-reduced methods were shown to obtain
linear convergence. Incremental Average Gradient (IAG)—a cyclic version of the famous SAG method—was analyzed
by Giirbiizbalaban et al. [14]. Based on this, the Doubly Incremental Average Gradient (DIAG) method was introduced,
and it has a significantly better rate if each f; is strongly convex [24]. A linear rate for Cyclic-SAGA was established by
Park and Ryu [28]. The first analysis of Rand-Reshuffle with variance reduction was done by Ying et al. [39]. Firstly,
they establish a linear rate for SAGA under random reshuffling, and then they introduce a new method called Amor-
tized Variance-Reduced Gradient (AVRG), which is similar to SAGA. SVRG using Rand-Reshuffle was introduced by
Shamir [36], and their theoretical analysis was conducted for the Least Squares problem.

1. This method is called “shuffle once” in some papers.
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2. Approach and Contributions

Let us now briefly outline our approach and key contributions.

2.1. Controlled linear perturbations

In the design of our methods we employ a simple but powerful tool: the idea of introducing a sequence of carefully crafted
reformulations of the original finite sum problem, and applying vanilla shuffling-based methods on these reformulations
instead of the original formulation. As the sequence is designed to have progressively better conditioning properties, our
methods will behave progressively better as well, and this is why this result in variance reduced shuffling methods.

The main idea is to perturb the objective function with zero written as the average of n nonzero linear functions.
This perturbation is performed at the beginning of each epoch, and stays fixed within each epoch. Let us consider the

finite sum problem (1) and vectors at,...,at € R summing up to zero: » ., al =0.Leta! = (ai7 ...,at). Adding
this structured zero to f, we reformulate problem (1) into the equivalent form
@)= 53 file) = & X (file) + (at,z)) = % X fi(2), 2
i=1 i=1 i=1

where f{(z) := fi(z) + (a},z). Note that
Vfi(z) = Vi(x) + ai. 3)
Next, we establish a simple but important property of this reformulation.

Proposition 1 Assume that each f; is p-strongly convex (resp. convex) and L-smooth. Then ff is p-strongly convex
(resp. convex) and L-smooth.

In our methods, the vectors ay, . . . , a} depend on two objects:

* a control vector y; € R?, which is updated at the start of each epoch,

* the permutation m = {mo, 1, ..., Tn—1} chosen at the beginning of the current epoch.
In particular, we choose ‘
at ==V fx; (ye) + V. (ye)- 4)
Note that by plugging (4) into (3), the gradient of ffri at z € R? is given by
9i(w,ye) =V fr,(x) = Vfr, (ye) + VI (y0)- ®)

At the start of each epoch, the control vector y; is set to the latest iterate .

2.2. New algorithms: improvement of shuffling based methods

Our key proposal is to run standard Det-Shuffle, and Rand-Reshuffle methods, for example as
described in [23], but in each epoch to apply them to the current reformulated problem

n
min £ > f(z).
zerd " (2]
This leads to our variance-reduced algorithms, all described compactly in Algorithm 1. Hoping that this will not cause
confusion, we do not give the methods a different name.
* Note that as mentioned in the introduction, in Det-Shuffle we only use a single deterministic permutation at the
start of the method. The steps are then performed incrementally through all data, in the same order in each epoch.

e In contrast, in we shuffle the data points randomly instead, but otherwise proceed as in Det-
Shuffle, using this one permutation in all subsequent epochs.

« Finally, Rand-Reshuffle is similar to , with the exception that a new permutation is resampled at
the start of each epoch.?

2. Note that Rand-Reshuffle can be seen as a version of SVRG in which the number of inner steps m is equal to n,
and in which sampling without replacement is used. Johnson and Zhang [19] remarked that m = O(n) works well
in practice, but a theoretical analysis of this was not provided.
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Algorithm 1 Algorithms Det-Shuffle, , Rand-Reshuffle
Input: Stepsize > 0, initial iterate o € R, number of epochs T’
Option Det-Shuffle: Choose a deterministic permutation {7, ..., m,—1} of {1,...,n}

fort=0,1,... T —1 do
Option Rand-Reshuffle: Choose a random permutation {7, ..., m,—1} of {1,...,n}
20 — g —
t = Tt Yt = Tt
fori=0,...,n—1 do
9 (ﬂii, yt) = Vir(x1) = Ve (ye) + VF(w)
zi' = ) — gi(x, ye)
end for
Tpp1 = Ty
end for

Besides Algorithm 1, we also propose a generalized version of Rand-Reshuffle (Algorithm 2), which differs from
Rand-Reshuffle in that at the end of each epoch we flip a biased coin to decide whether to update the control vector
or not. While in Rand-Reshuffle the control vector y:1 is updated to the latest iterate 441, in Algorithm 2 we use the
previous point z:. We do this as it slightly simplified the analysis. However, it makes sense to use the newest point z+41
instead of x; to update the control vector in practice. This method is described in the appendix only.

2.3. Analysis technique: the basic idea

Since in view of Proposition 1 the reformulated problem satisfies all assumptions of the original problem, in a single
epoch it is possible to apply results that hold for vanilla Det-Shuffle, and Rand-Reshuffle methods —
variants that are not variance-reduced. In particular, we rely on some results of Mishchenko et al. [23], and complement
them with new analysis that handles the changing nature of the reformulations through the change in the control vectors
{ye}.

In particular, a key insight of our paper is the observation that by updating the control vector, we can control the
variance of shuffling based methods.’

We are now ready to formulate the core lemma of our work.

Lemma 2 Assume that each f; is L-smooth and convex. If we apply the linear perturbation reformulation (2) using
vectors of the form (4), then the gradient variance of the reformulated problem at the optimum x .. can be bounded via the
distance of the control vector y; to x as follows:

t)2 1
(U* T n

V£ @a)|]” < 4L2[|ys — 2., ©)

s

i=1

2.4. Complexity results
Our theory leads to improved rates for shuffling-based methods using all three sampling strategies: Det-Shuffle,
and Rand-Reshuffle. We provide theoretical guaranties in Section 3; a summary is presented in Table 1.
© Strongly convex case. If f is strongly convex, we obtain O (/-@3/ 2log 1/ s) iteration (epoch-by-epoch) complexity
for Rand-Reshuffle, where & is the condition number. This rate is better than the O (k” log /<) rate of RR-SAGA
and AVRG introduced by Ying et al. [39]. Moreover, if n > O(k), we improve this rate for Rand-Reshuffle and get

O (klog /<) complexity. If each f; is strongly convex and the number of functions is sufficiently large (Theorem 6), then
the rate of Rand-Reshuffle can be further improved to O(k+/*/nlog1/c). For Det-Shuffle we prove similar conver-

gence results under the assumption of strong convexity of f. The iteration complexity of this method is O (53/ 2log 1/ s) ,

3. While this was known for methods based on sampling with replacement, this is a new observation for methods based
on sampling without replacement, and our control strategy.



BETTER LINEAR RATES FOR SGD WITH DATA SHUFFLING

Table 1: Complexity of shuffling based methods (in all expressions we ignore constant terms).

Algorithm /é ;)srt;(;;lg}y Mc- s::::;g}y cor}yex memory reference
RR-SAGA — k?log1/e - dn Ying et al. [39]
AVRG - x?log1/e - d Ying et al. [39]
Q)
= 1. klog1/e L. .
Rand-Reshuffle | V5108V | e 1oa 1@ / d this paper
Cyclic-SAGA x? log 1/ - - dn Park and Ryu [28]
IAG® - nr?log /e - dn Giirbiizbalaban et al. [14]
DIAG @ rlog1/e - - dn Mokhtari et al. [24]
Det-Shuffle - kK log /e Lfe d this paper

(U Big data regime.
) General regime.
) Cyclic version of the Stochastic Average Gradient (SAG) method, which was the original inspiration for SAG.

@) Cyclic version of the Finito algorithm.

which is noticeably better than the O (n.‘-i2 log 1/5) rate of IAG [14]. Furthermore, it is better than the O (/12 log 1/ s) rate
of Cyclic-SAGA [28]. It is worth mentioning that Mokhtari et al. [24] obtain a better complexity, O (« log !/<), for their
DIAG method. However, their analysis requires much stricter assumption.
< Convex case. In the general convex setting we give the first analysis and convergence guarantees for Det-Shuffle,
,and Rand-Reshuffle. After applying variance reduction, we obtain fast convergence to the exact solution.
As expected, these methods have the sublinear rate (’)(%) in an ergodic sense.

2.5. Shuffling-based variants of variance reduced methods.

While, as we argue, our methods should be seen as improvements over existing shuffling-based methods via variance
reduction, it is possible to alternatively see them as shuffling-based variants of variance reduced methods. However,
when seen that way, we do not observe an improvement in complexity. The reason for this is that there is a large gap
in our understanding of shuffling based methods, especially for variance reduced variants, which does not yet allow for
theoretical speedups compared to their sampling-with-replacement cousins. For example, from the latter viewpoint, and
to the best of our knowledge, we provide the first convergence analysis of SVRG under random reshuffling. However,
the rate of classical variance reduced methods, such as SVRG, is still superior in some regimes.

3. Main Theoretical Results

Having described the methods and the idea of controlled linear perturbations, we are ready to proceed to the formal
statement of our convergence results.

3.1. Assumptions and Notation

Before introducing our convergence results, let us first formulate the definitions and assumptions we use throughout the
work. Function f : R¢ — R is L-smooth if

f) < f@)+(Vf@),y—2)+ 5lly—z|* Vz,y eRY, )
convex if
f@) + (Vi@),y—z) < fly) Va,y €RY, ®)
and pi-strongly convex if
f@)+ (Vf(x),y—a)+ 4lly—=z|* < fly) Va,yeR% )

The Bregman divergence with respect to f is the mapping Dy : R? x R? — R defined as follows:

Dy (z,y) = f(z) — f(y) = (Vf(y),z —y). (10)
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Note that if y = ., where x, is a minimum of f, then Dy (z, z.) = f(z) — f(xx).
Lastly, we define an object that plays the key role in our analysis.

Definition 3 (Variance at optimum) Gradient variance at optimum is the quantity

IV £ ()l (D

s

2._ 1
oy =
i=1

This quantity is used in several recent papers on stochastic gradient-type methods. Particularly, it is a version of gradient
noise introduced in Gower et al. [12] for finite sum problems.
For all theorems in this paper the following assumption is used.

Assumption 1 The objective f and the individual losses f1,. .., fn are all L-smooth. We also assume the existence of
a minimizer . € R%

This assumption is classical in the literature, and it is necessary for us to get convergence results for all the methods

described above.

3.2. Convergence Analysis of and Rand-Reshuffle

We provide two different rates in the strongly convex case. Let £ = L/u.

Theorem 4 (Strongly convex case: f) Suppose that each f; is convex, f is p-strongly convex, and Assumption 1 holds.
If the stepsize satisfies 0 < v < (2v/2Ln\/k) ™", the iterates generated by and Rand-Reshuffle satisfy

E [llor — 2.]?] < (1— 232)" [|lzo — z.||*.

This means that the iteration complexity of these methods is T = O (k+/klog 1/e) .

If we are in the big data regime characterized by the inequality n > O(x), then we can use a larger step-size, which
leads to an improved rate. This is captured by our next theorem.

Theorem 5 (Strongly convex case: f) Suppose that each f; is convex, f is p-strongly convex and Assumption 1 holds.
Additionally assume we are in the “big data” regime characterized by n > 2r/ A=) Then provided the stepsize
satisfies v < 1/\/2Ln, the iterates generated by and Rand-Reshuffle satisfy

T
E [llor — 2] < (1 - 23)7 a0 — .
This means that the iteration complexity of these methods is T = O (k log1/e) .

As we shall see next, we obtain an even better rate in the case when each function f; is strongly convex.

Theorem 6 (Strongly convex case: f;) Suppose that the functions f1, ..., fn are u-strongly convex and Assumption 1
holds. Fix constant 0 < & < 1. If the stepsize satisfies v < 9/Lv/2Znr, and if number of functions is sufficiently big,
n > 108(1-8%) flog(1—~p), then the iterates generated by and Rand-Reshuffle satisfy

n T
E [Jar — @) < (1= 3" + )7 llao — o
If we further assume that 6 < (1 — 'y,u)”/2 (1 -(1- 'yu)"/2), then the iteration complexity of these methods is
T=0 (K/\/N/n log 1/5) .
In our work we provide the first bounds for SVRG under random reshuffling without strong convexity.

Theorem 7 (Convex case) Suppose the functions fi1, fa, ..., fn are convex and Assumption 1 holds. Then for
and Rand-Reshuffle with stepsize v < 1/vaLn, the average iterate T = % Zz;l x¢ satisfies

E[f (&7)] — f (z.) < SHZ;W—%HQ

_ 2
This means that the iteration complexity of these methods is T = O (M> .

5
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We also obtained first convergence result for Rand-Reshuffle in the non-convex case.

Theorem 8 (General non-convex case) Suppose that Assumption 1 holds. Then for Algorithm Rand-Reshuffle run

for T epochs with a stepsize v < ﬁ we have

LT E IV ()] < 202t

Choose v = 5-. Then the mean of gradient norms satisfies Z;‘F;OI E[|[Vf (2:) H2] < €2 provided the number of
iterations satisfies T = O (égi—%L) .

Theorem 9 (Polyak-FLojasiewicz condition) Suppose that Assumption 1 holds and f satisfies the Polyak-Lojasiewicz
inequality with i > 0, i.e., |V f(z)||*> > 2u(f(z) — f.) for any € R Then for Algorithm Rand-Reshuffle run for
T epochs with a stepsize v < ﬁ we have

E[f(zr) — fu] < (1= 22T (f(z0) — f),

Blf (@p)—=f«]

then the relative error satisfies o) T

< ¢ provided the number of iterations satisfies T = O(k log é)

3.3. Convergence Analysis of Det-Shuffle

In this section we present results for Det-Shuffle. They are very similar to the previous bounds. However, the lack of
randomization does not allow us to improve convergence in the big data regime.

Theorem 10 (Strongly convex case: f) Suppose that each f; is convex function, f is p-strongly convex function, and
Assumption 1 holds. If the stepsize satisfies v < 1/aLn/, the iterates generated by Det-Shuffle sarisfy

oz — 2.2 < (1— 222)7 Jlzo — 2.

This means that the iteration complexity of this method is T = O (k+/k log 1/e) .

Note that this is the same rate as that of and Rand-Reshuffle.

Our rate for Det-Shuffle is better than the rate of Cyclic-SAGA [28]. We remark that the convergence rate of
DIAG [24] is better still; however, their result requires strong convexity of each f;.

Similarly, we can establish convergence results for Det-Shuffle in the convex case.

Theorem 11 (Convex case) Suppose the functions f1, f2, ..., fn are convex and Assumption 1 holds. If the stepsize
satisfies v < 1/2v/3Ln, the average iterate &1 = 7 Zle x; generated by Det-Shuffle sarisfies

E(f (21)] — f (2.) < Hzozzl®,

yn

_ 2
This means that the iteration complexity of this method is T = O (M) .

Up to a constant factor, the complexity of Det-Shuffle is the same as that of and Rand-Reshuffle.

4. Experiments

In our experiments we solve the regularized ridge regression problem, which has the form (1) with
fi(x) = 3l Az — il® + 32,

where A € R"*? 4 € R™ and X > 0 is a regularization parameter. Note that this problem is strongly convex and satisfies
the Assumptions 1 for L = max; || A;,: H2 + Xand g = Amin (ATA)/n + A, where Anin is the smallest eigenvalue. To
have a tighter bound on the L-smoothness constant we normalize rows of the data matrix A. We use datasets from open
LIBSVM corpus [6]. In the plots z-axis is the number of single data gradient computation divided by n, and y-axis is the
normalized error of the argument ||zx — @.||?/||zo — = ||>. Due to space limitation we put all results in supplemetary
materials.
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Appendix A. Basic Facts

A.l. Elementary Inequalities
Proposition 12 For all a,b € R and t > 0 the following inequalities hold

ol tllbll”
2t 2’

lla+b)1* < 2)lal” + 2/b]1?, (12)

(a,b) <

1
3 llall® = [1bl* < fla + b]I*,

A.2. Convexity and smoothness
Proposition 13 Ler f : R* — R be continuously differentiable and let L > 0. Then the following statements are
equivalent:

e fis L-smooth,

o 2D¢(z,y) < Lz — y||? for all 2,y € RY,

* (Vf(z) = Vf(y),z —y) < Lz —y|* forall z,y € R™.
Proposition 14 Ler f : R? — R be continuously differentiable and let . > 0. Then the following statements are
equivalent:

o fis u-strongly convex,

* 2Dy(2,y) > plle — y|* forall 2,y € R,

« (Vf(@) = VI),z—y) > plle -yl forall x,y € R%.

Note that the ;1 = 0 case reduces to convexity.

Proposition 15 Let f : R? — R be continuously differentiable and L > 0. Then the following statements are equivalent:
e fis convex and L-smooth
¢ 0<2D¢(x,y) < Lljz — y|* forall =,y € RY,
© LIVF@) = VW < 2Dy(z,y) forall z,y € R,
© TIVF(@) = VI < (Vf(z) = Vf(y),z —y) forallz,y € R

Proposition 16 (Jensen’s inequality) Ler f : R? — R be a convex function, z1,...,zm € R% and A1, ..., Am be
nonnegative real numbers adding up to 1. Then

f (Z Aa:) <SS ().
=1 1=1
A.3. From convergence rate to iteration complexity

We implicitly use the following standard result to derive iteration complexity results in our theorems. We include the
statement and proof, for completeness.

Lemma 17 Consider a randomized algorithm producing a sequence of random iterates {x.}>o. Let D, be some
nonnegative function of x; (example: D; = ||z, — x||%). Assume that there exists ¢ € (0,1) such that the following
inequality holds for all t > 0:

E[D:] < (1 —q)" Do. (13)
Fix any € > 0. Then as long as
T> 1 In <1> ,
q €
we have
E [DT] S EDU.

12
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Proof Since e? > 1+ gforallg € R, we have e™? > 1 — g forall ¢ € (0,1). Since logarithm is an increasing over
Ry, it follows that —g > In(1 — ¢) for all ¢ € (0, 1). Therefore, the inequality

—tg>tln(l—q)

holds for all > 0 and all ¢ € (0, 1). Now if we have T > % In (1), which is equivalent to —7" - ¢ < In(e), we obtain
T'n (1 — ¢) < In(e). Taking exponential on both sides, we get

0<(1—¢)7 <e. (14)

Finally, we have

13) T (14)
E[DT] S (1 —q) Do S ED().

13
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Appendix B. Proof of Proposition 1

Assume that each f; is u-strongly convex (resp. convex) and L-smooth. Then the function

1 n
ft::ﬁ;fit7

where

fi(@) = fi(z) + (ai,z) (15)
is p-strongly convex (resp. convex) and L-smooth.
Proof Let us compute Bregman divergence with respect to the new function ff(z) :

Dyi(x,y) = fi(x) = fi(y) = (Vfi (y), 2 —y).
Note that V ff(y) = V fi(y) + at. Now we have

Dyi(x,y) = fi(x) = fi(y) = (Vfi(y), 2 — )

= filw) +ai, @) — (fily) + (ai,y)) — (Vfily) + ai,z — )

= fi(z) + {a},z) — fi(y) — (a},y) — (Vfily),z —y) — (a}, 2 — y)

= fi(z) + (ai, x) — fily) = (ai,y) = (Vfi(y),x —y) — {ai, x) + (a,y)

= filz) = fily) = (Vfi(y),z — y)

= Dy, (z,y)
Since the Bregman divergence is not changed, the new function f/(z) has the same properties (u-strong convexity or
convexity and L-smoothness) as the initial function f;(x). |

14
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Appendix C. Proof of Lemma 2

Proof Using the fact that Vf(xz.) = 0, applying Young’s inequality (12), and finally employing several standard
inequalities from Section A.2, we get

}Iiwmw

Tllzl IV fi(@e) = V filye) + V() |I?

L Z IV filae) = Vilye) + V1 () = V()]

iz (209 filys) = Vfala)I? + 20V () = VF(@)I)

1< 1 «
I Z4LiDh (ye, z+) + I Z4LDf('yt,iI:*)

=1 =1
4LDy(ye, x+) +4LDy(ye, x)
8LDy(yt, )
4L2||yt - 3?*H2-

15
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Appendix D. Analysis of and Rand-Reshuffle

D.1. Proof of Theorems 4 and 5

Proof We start from Lemma 3 in paper of Mishchenko et al. [23].
Lemma 3. Assume that functions fi, ..., f, are convex and that Assumption 1 is satisfied. If Random Reshuffling
or Shuffle-Once is run with a stepsize satisfying v < f 57 then

3 2 2
E [lleess — 2 17] < E [lloe — 2 *] = 2mE[f (@esa) — flwa)] + L2202

Now we can apply this inequality to the reformulated problem (2). Using strong convexity, we obtain
37,2 ( t)2
Ln” (o}
E[[[zers — zul* | 2] < |2 — 2]|* = 29mE[f (wes1) — flaa) | @] + %
37,2/ t\2
Ln® (o,
< e — 2a||* = ynpB [|wep1 — @l* | 2] + %

Since we update y; = x¢ after each epoch, this leads to

E [th+1 — $*H2 | mz] <—— |l — x*Hz + 2

v Ln? (ai) 2 )

llze — 2]

1 +w (
( 2 2 Lo ALy, —x*nZ)

1+’mn 2

=—— (o — z||® + 29302 L3 ze — 2|2
1+w(llt I* +2°n*L? |}z — 2.||*)

1 3 2.3 2
= — (1 +2v"n°L Ty — Tl
1+'y,un( i )Ht I

We can use the tower property to obtain

< 1+ 2+3L3n?

E [leen - o) < SR e - ).

.. . 37r3,2
If this inequality % < 1 — 25 is correct, we can unroll the recursion and obtain

n T
E[llor —2.IP’] < (1= £ llzo — .l

Now we need to solve the following inequality:
14 2+3L3n? < ynu
1+ypn 2
Let us simplify it:

2 2 2
1+273L3n2§1+w_m

2
2 2
9232 < M _ IR
TE=T 2
2
o023y < B _ 0T
TEN=97
2
2L+ 1 < B
v L°n + 5 =5

16
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_ 1  JE
Now as v < 2\/ﬂn\f,wehave

1 B3 T
2. —— . L 71# o<
8L2n?2 Qan L 2 -
7ﬁ B,

42 L ot

£ 7ﬁ P

2L\ L=

It is true since n > 1 and p < L. We have proved Theorem 4.
Now let us use the biggest step-size allowed by the Lemma 3 in Section D.1. Let us utilize v <

M‘\H w\z: N =

1 3
2. L :
sl " faLn

IA

IN
NE T

This leads to

and

We have proved Theorem 5.

D.2. Proof of Theorem 6

We start from Theorem 1 in [23], which states that

1 .
V2Ln °

n—1
E [[lzesr — 2 * | 2] < (1 —v0)" llze — zal|* + 29 0Ghume (Z(l - w)l) :

i=0
Using Proposition 1 from [23], which says that

YU 2 yLn o
g O < Odnine < TU*7

we get

’ygLn n—1 )
E [[lzes — 2ol | 2] < (1= )" [lze — 2o ]* + =02 (Z(l - w)l>

Y'In 2

< (L= )" e — | + 25 o

Now we can apply Lemma 2 and using y. = x: we have the following inequality:
2, 272 L3n

E [[lzerr — ] [ 2] < (1= )" o0 — 2| e — . )

n  292L%n
< (= 25 o,

17
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Applying the tower property, we get

n  292L3
E i1 — 2.]%] < ((PW) + ”H ”)E[|\xﬁx*u2],

and after unrolling this recursion, we get

22L3
E [Jar — o] ( + 2L ) E (120 — o]

2
w 2L°n
(1‘”" *ﬁmT> Bl =-I]
(1 =) +8%)" E [llzo — 2],

where we used the stepsize restriction v < % \/ 5o - In order for this to lead to convergence, we need to assume that
(1 —yp)™ + 62 < 1. This is satisfied, for example, if n. is large enough. In particular, this holds when

() ((25))

Finally, using the additional assumption 62 < (1 — yp) 2 (1 —(1—pw) %) , we get

IN

IN

F+(l—yp)" <=2
Now we can apply Theorem 6 and get
E [lor — 2] < (1= v0) "% [lzo -z,

Finally, we apply Lemma 17 with v = %1 / 55+ and get iteration complexity T' = O (n\/g log (%)) .

D.3. Proof of Theorem 7

Suppose the functions f1, f2, ..., fn are convex and Assumption 1 holds. Then for Rand-Reshuffle or
with stepsize v < fL , the average iterate 1 = % 23:1 ¢ satisfies

3J|zo — .|

E[f (#r) ~ f (w)] < S

Proof We start with Lemma 3 from Mishchenko et al. [23], which says that

,_YS Ln202

E [Jzes — 2ol | 2] < llo =22 = 29nB[f (@er1) = f (@) | 2] + 25

Apply this inequality to the reformulated problem (2), we get

~2Ln? (ai) 2

2mE [f (@er1) = f (@) | @] < Jloe = 2al® = E [loeen — za|® | 2] + —— (16)
Using Lemma 2 and the fact that y; = x; and f = f*, we get
(08)® < 8LDj(wr,3.) = S8LD (e, x.) = SL(f (1) — f(x.)), (17)

where the last identity follows from Proposition 1.
Plugging (17) into (16), we obtain
,}/3 Ln2
2

2E [f (ze41) — f (@) [ 2] < o — 2 ]|® = E [lmes — 2al” | 2] + “8L(f(we) — f(z4)),

which after using the tower property turns into

WNE[f (@r41) — f (@)] S E [ae — o.]*] = E [lzrr — o.]?] + 47°L*n°E [f(22) — f()].

18
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Now we subtract from both sides:

2ynE [f (2e41) — f (22)] = 4" L*n°E[f (2141) — f (22)] S E [llze — 2.]*] —E [||$t+1 — 2]

4y L*°E [f (20) — f(2.)]

—4y°L*n’E[f ($t+1) f ()]

(2yn — 4 L0 E[f (2e41) — £ (@)] < E [llze — 2] — B [[loss — 2]

+y*LPn® (E[f (1) = f(@)] = E[f (2e41) = f (@)])

2m (1= 27 L2n) E[f (we01) — f (@.)] < E [0 = 2.]*] = E [[lzes1 — 2.]?]

4y LPn® (E[f (1) — f(@)] = E[f (ze1) = f (@) -

Summing these inequalities fort = 0,1,...,T — 1 gives
2yn (1 —29°L?n) Z_j E(f (@s1) — £ @) < 3 (B [l — 2] — E [Jloess — %))

+4y°Ln? ; (E[f(ze) = f(z)] = E[f (€e41) = [ (2:)])

=E [||lzo — x*||2] —E[|lzr — x*HQ]
+ 47 L*nE[f (z0) — f (2)] = 4y’ L*n°E[f (z7) — f (x.)]
<E [[lwo — 2. ]1*] + 47° L*n°E [f (w0) — f (2.)]
<E [[lzo — z.]*] + 20°L°nE [[|lzo — 2.||”]
= (1+27°L°n®)E [||lzo — . %] ,
and dividing both sides by 2yn (1 — 24°L*n) T, we get

T

|
-

142930302 ||lzo — z.||?
E —f(z)] < '
f (@e1) = f(2a)] < 1—2y2L2n  2ynT

Nl =

t

Il
<}

. . . . def .
Using the convexity of f, the average iterate i1 = % Zthl x satisfies

T 373, 2 2
. 1+ 29°L°n? ||zo — z«||
E ] < .
[f (@) — g (z:)] < 1—292L2n 2ynT
Let us show that
14 2+3L3n?
1—2~42L%n —
Applying v < ﬁ we have - )
D2l 1t ym
1-— 22L2 = L%n 1-=

This leads to 4n > 6 + /2 and since n € N : n > 1, this inequality holds. Finally, we have

3 w0 — .|

E[f (ir) - f (@) < S

19
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D.4. Proof of Theorem 8 and 9

We provide analysis for non-convex settings.
Let us remind you our reformulation:

ICREYWICERY S CERICI) B 0}

i=1 =1
where f{(z) := fi(z) + (ai,z) and 3" | aj = 0. Note that
Vi) = Vi) +ai.

In particular, we choose
aj = =V fr, (ye) + VI (ye) -
Finally, we have
Vi (@) = Vr, (@) = Vfr, (ye) + V. (92).
Now we need to establish an analogue of Lemma 1 for gradient variance. Let us define

n

() = = IV Aiee) = V).

=1

Lemma If we apply the linear perturbation reformulation, then the gradient variance of the reformulated problem (o7) is
equal to zero.
Proof

1o 1
o (w1) = - S V) - Vi) = - S IV Fri@e) = Vin, () + VF () = VE)|?
i=1 i=1
In Algorithm Rand-Reshuffle we set x; = y:, we have

o3 (w0) = 5 3 IV (@) = Vi, () + VF () = VI @)

= % Z IV fri () = V fr, (w0) + V f (20) = V f ()]
=0.
|

Suppose that Assumption 1 holds. Then for Algorithm Rand-Reshuffle run for T" epochs with a stepsize v < 57—

we have
15Tl [va (l't)||2} < 4(f(@o)—fx)

T t=0 ynT

Choose v = 51-. Then thzémf;n of gradient norms satisfies + 3/ ' E [|[V f (z¢)]|?] < & provided the number of
0

iterations satisfies T' = O ( %

Suppose that Assumption 1 holds and f satisfies the Polyak-F.ojasiewicz inequality with = > 0, i.e., ||V f(z)||* >
2u(f(x) — f«) for any € R?. Then for Algorithm Rand-Reshuffle run for 7" epochs with a stepsize v < S1 we
have

E(f(zr) — f] < (1= 22 (f(zo) — f.),

E[f(zr)—fs]

Floo)—Fu =€ provided the number of iterations satisfies 7' = O(x log é)

then the relative error satisfies

Proof We start from Lemma 4 and Lemma 5 from Mishchenko et al. [23]

yL?

5~ (P’ IVF@)IP + 770’0 (22)

E[f(zer)lad] < flae) = 5 [V (@)l +

20



BETTER LINEAR RATES FOR SGD WITH DATA SHUFFLING

This lemma works for the reformulated problem. Since we do not change initial function f(x) the gradient V f(z:)
remains the same. The only thing that changes is the variance of the gradient. According to the lemma proved above, this
variance is equal to zero. Now we have the following inequality:

2
Elf@slad < fa) = BV + o V4Gl
< fla) = 5 (1="L%n%) |V (@)
Let 0 = f(x¢) — f«. Adding — f to both sides,

E[Suilzd] < 6 — L2 (1=77L7n%) [V (@)

Taking unconditional expectations and using that v < m we have 1 — 42L%n? > % we get
E[di+1] <E[8] — LRIV ()] -
It leads to
T-1 T—1
41 46
— = E —E < —
; 197 @)I) < 57 3 (Bl ~E5)) < 05

If we have PL condition, then we start from
E[§i1] <E8] — LRIV F (20)]*] -
Applying [V £(z)[1? > u(f(x) — f.) leads to
E[5i11] SE[8] - LLERE[f (2) - £.].

Unrolling this recursion, we get
T
E[67] < (1 - %) 8o.

Suppose that Assumption 1 holds. Choose the stepsize v as 2n 5.7 - Then the mean of gradient norms satisfies

T; (197 (o)) <

provided the number of iterations satisfies
8oL
g2’
If f satisfies the Polyak-Lojasiewicz inequality, then the relative error satisfies

E[f(zr) = f]
(Flwo)—fo) =°

T >

provided the number of iterations satisfies
1
T = O(klog —).
€

21
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Appendix E. Analysis of Det-Shuffle
E.1. Proof of Theorem 10

We start from Lemma 8 in Mishchenko et al. [23]
leris — 2ul® < llae — aal|> = 2y (f (@) — f (22)) +7° Ln®a?, (18)
Now we can apply to the reformulated problem (2). Using strong convexity we obtain
E i — @l | 2] < llze — 2l = 29nE [ (2es1) — f(@s) | @] +7°Ln? (%)
<l = 2u® = AnpE (w41 — 2 |* | 2] ++°Ln® (o1)®

Since we update y; = x+ after each epoch, this leads to

E [lzess — 2] | 2] < (e = 2] + 4°Ln® (04)?)

l—l—’y;m
o e = 2 ||* + 7 Ln® AL ||y, — . ||?)
1+’y;m

—(
= (lze — 24]]? + 4’0 L2 ||2e — z.||?)
(1+49°n°L?) ||z — =%

1+w

We can use the tower property to obtain

1+ 4+3L3n® 2
E — Ty < ———FE — Ty .
lesn = 2ul] € TR o - o]
1+4’y3L3n3 1—

If this inequality ~5 T 2

T is correct, we can unroll the recursion and obtain
2 ynp\T 2
E [llor - 2.2 < (1= 222) " oo — 2.

Now we need to solve the following inequality:

1—1—4'y3ll‘°’n3<1 ynu
1+yun — 2
Let us simplify it:

2
1+473L3n3§1+% 7"2“

42L3n3<%77n2ﬂ2

K =7 2

2

4232 < B

TR =97
2
4232 L I B
¥ L°n® 4+ 5 =3
Now as v < 11-+/%, we have

1 pos 2 1 [u o’ _op
9. 2L R A o
6en LV Tama\ D T2 T2
1 lp [p K
= /P, <2
TR IVIM S
1
2

FNI.
_l’_
0| =
s
o=
INA

It is true since n > 1 and p < L. This ends proof of Theorem 10.
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E.2. Proof of Theorem 11
Suppose the functions f1, fa,..., fn are convex and Assumption 1 hold.s Then for Algorithm ?? with a stepsize v <

L i AT o
NI, the average iterate £ = 7 ijl x; satisfies

2 w0 — a|*

E[f (br) - f (@) < S0

‘We start with Lemma 8 from Mishchenko et al. [23]:

E e — 2l | 2] < llee — @l = 29nE[f (2es1) — f (@) | 2] +7°Ln®0?

29nE [f (2e41) = f (2:) | @] < ||z —@]|* = E [lwers — z.||* | @] +7° Lo’y
Using Lemma 2 and considering y; = ¢, we have

(01)* < 8LDyi(we, x2).
Applying Proposition 1 we get
(04)" < BLDy (w1, 2.) = SL(f(we) — f(w.)).

Next, we utilize the inner product reformulation and get

2B [f (we41) — f (@) | @] < o — 2| = E [lmegs — 2l|® | @] +7°Ln® - 8L(f(21) — f(2.)).

Using tower property we have

29nE [f (ze41) — f (22)] S E [lloe — 2 [|?] = E [lzess — 2l*] + 8y’ L*n’E [(f(z) — f(=.))].

Now we subtract from both sides:

2ynE[f (z011) — f (2)] = 89’ L’n°E [f (ze11) — f (2)] < E [Jlze — 2.]”] - [||$t+1 — z.])%]
+87°L*n’E [(f(z:) — f(24))

]
-8y’ L*n’E [f ($t+1) f (@)
(2vn — 8y° L) E[f (w141) — f (2.)] < E [[lze — 2ul*] — E [[lzes1 — 2]
+8y°L*n” (E[f (z:) — f(2:)] = E[f (zes1) — f (2)])
29n (1= 49 L*n*) B[f (zer1) — f (20)] S E [lo — 2 ]*] = E [ @e1 — ]|
+87°L*n* (B [f(21) = f(2:)] = E[f (@er1) = f (2:)]) -
Summing these inequalities for ¢ = 0,1,...,7T — 1 gives
2yn (1= 492L20%) SO E[f (1) — £ @] € 3 (B [l — 2] — B [Jarsn — 2. 2])
+8y°L*n’ i (E[f(z) = f(@)] = E[f (meg1) — f(22)])

=E [|lzo — «|*] — E [ler — =]
+8Y°L*n B [f (z0) — f (z.)] = 8y’ L*n’E[f (wr) — [ (2.)]
<E [[lzo — z.|”] + 8y’ L*n°E [f (w0) — f (2.)]
< E[|lzo — z:|°] + 4y°L*n’E [|lzo — 2.||%]
= (1+49°L°n*)E [[lzo — 2.|*] ,
and dividing both sides by 2yn (1 — 4y°L*n?) T, we get

B 1+ 472 L3n® ||z — 2. |)?
— * < ’
T Z:; Z’t+1 —f (m )} ~ 1 —4~2L2n2 2ynT
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. . . L def .
Using the convexity of f, the average iterate & = % Z;‘F:l ¢ satisfies

1 14+ 473303 ||zo — 2.?

Elf (@r) = f(z.)] <

el

T
t:ZIIE [f (@) — f(20)] 1—44202n2  2ynT

Let us show that

1+493L3%n3
1—442L%n2 —
Applying v < Mﬁ we have
1+ 416\/§1L3n3 LPn?® _ 1+ 47\1/5 <4
1-— 4@[1%12 o 1-— % -
Finally, we have
R 2||zo — a.|?
E[f (@) = f ()] < :

This ends the proof.
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Appendix F. One More Algorithm: RR-VR

F.1. New Algorithm: RR-VR

Algorithm 2 Random Reshuffling with Variance Reduction

I: Input: Stepsize y > 0, probability p, zg = 2J € R?, yo € R%, number of epochs 7.
2: fort=0,1,...7T —1 do

3:  Choose a random permutation {mo, ..., m,—1} of {1,...,n}

4: a:? =

5: fori=0,...,n—1 do

6 gi@h ) = Ve (@) — Vi () + VI (3)

7wt =a) gl v

8: end for

9 Xyl =}
y;  with probability 1 — p

10 Y41 = . .
¢ with probability p

11: end for

In this section we formulate convergence results for a generalized version of SVRG under random reshuffling.
Analysis of RR-VR (Algorithm 2) is more complicated.

F.2. Convergence Theory

To analyze this method, we introduce Lyapunov functions.

Theorem 18 Suppose that each f; is convex, f is p-strongly convex, and Assumption 1 holds. Then provided the

parameters satisfy n > K, =~ < p < land~y < Mﬁ the final iterate generated by RR-VR (Algorithm 2) satisfies

VT < max (g1, Q2)T Vo, where g1 = 1 — 4% (1 — g) @=1—-p+ %72L3n, and the Lyapunov function is defined
via

—E (o ?] (<) E [y — o
Vo o= ol 4 () E [l - ol

This means that the iteration complexity of Algorithm 2 is T = O (I*i log (%)) .

Note that the probability p should not be too small. We obtain the same complexity as that of of Rand-Reshuffle.

Theorem 19 Suppose that the functions f1,..., fn are p-strongly convex, and that Assumption 1 holds. Then for
RR-VR (Algorithm 2) with parameters that satisfy v < i«/ﬁ, % << %, 0 < p < 1, and for a sufficiently

1
1—vp

—1
large number of functions, n > log (ﬁ) . (log ( )) , the iterates generated by the RR-VR algorithm satisfy

253
Vi < max (q1,q2)" Vo, where g = (1 — yp)" + 6% ¢ =1 —p (1 - 2 n) » and

62
Vi = E [||lze — 2] + ;E [llye — @[] -
Thi jterati ity of Algorithm 2 is T = O E oraes ) log (2
is means that the iteration complexity of Algorithm 2 is T = max K/\/Z’Zlog(Zé) og(s) .

We get almost the same rate as the rate of Rand-Reshuffle, but there is one difference. Complexity depends on §
term. However, the first term dominates in most cases.
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F.3. Proof of Theorem 18

Suppose that each f; is convex, f is u-strongly convex, and Assumption 1 holds. Then provided the parameters satisfy
n>k 2 <p<landy < Mﬁ’ the final iterate generated by RR-VR (Algorithm 2) satisfies

VT S max (qh q2)T V07
where

8 .

Q1:1—M(1—E)7 @ =1-p+—7"L’n,
4 2 "

and the Lyapunov function is defined via

o _ 2 4 _ 2
Ve =E [[lze — a|*] + wnE (lye — 2|”] -

Proof For the problem % A fH(x) we will use an inequality from Mishchenko et al. [23]:

2 1 s Y Ln?o?
E I:HmtJrl — I*H | SL‘t] < m H«ft - I*H + — 9
1 1 4’Ln’o?
_ ”xtix*”2+7w
1+ yun 1+ ypn 2
37,2 2
Lnoy
< (1= 22 o - f? + T2
Now we apply inequality
37,2 2
n Ln“o;
E[loes — @) | o0, 9e] < (1= 7)o — ) + T2
n
< (1= 222) Jae — 2 l” + 29°L0° e — .

Using tower property we have
E [[[zesr — 2ul”] = B [E [lzers — aul* | 20, e]]

< (1= Z2)E o — o.l?] + 29°L*0°E lye — 2.1] -

Now we look at

_ | y¢ with probability 1 — p
Y41 =1 2,  with probability p

We get
E [lyerr — 2a)® | ze,ye] = (1= p)llye — 2l” + pllae — x|
Using tower property

E [llyer1 — zl*] =B [E [llyesr — z|l® | 2o, 3] |
= (1= p)E [[lye — z.|I*] + pE [

|z — 2 ?] -
Finally, we have
E [llocss — @l?] + ME [lyers — 2] < (1= 252 lae = 2.]” + 29°L*n°E [llye — .11’
+ (1= p)ME||ys — .|| + pMEl|z, — ..
Denote V; = E [||z — @.||*] + ME [||ly: — z..]|*] . Using this we obtain
Vir < (1= ZEVE [Jlae - 2.]°] +29°L*n’E [Jlye — o]
+ (1= p)ME [|lye — z+||*] + pME [|lz — 2. ?] .
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Thus,
n 1
Vigr < (1 - % +pM) E [th - JI*HQ] + (1 —p+ M2’73L3”2> ME [”yt - x*”Q] .

To have contraction we use

‘We have the final rate

VtHSmax(lfw(172),17p+§72L3n>Vt
W

T
VTSmax(lfw(172),17p+§'y2L3n> Vo.
I

F.4. Proof of Theorem 19

Suppose that the functions f1, ..., f, are p-strongly convex, and that Assumption 1 holds. Then for RR-VR (Algo-

rithm 2) with parameters that satisfy v < 5-+/55-, 3 < 6 < % 0 < p < 1, and for a sufficiently large number of

“1
functions, n > log (ﬁ) . (log (1_1 )) , the iterates generated by the RR-VR algorithm satisfy

TR
VT S max (qh q2)T V07

where

@ = (1—yp)" +4°, q2=1fp(1f
and
2 62 2
Vi = E [[lzs — .|| ]+;E [llye — z]I] -

Proof For the problem + """ | f(x) we will use two inequalities from Mishchenko et al. [23]:

n—1

E [th+1 - f*HQ | xt] <@ =) o — 13*”2 + 27°05hume (Z(l - ’YN)Z>
i=0

yLn o

2
OShuffle > 4 Oy

A\

Using this result, we have
1 n—1 ]
E [[lzerr = ael* | 2o, pe] < (1= y)" oo — 2o + 57 Lno? <Z(1 - w)’)
i=0
n 1
< (=) o —2|® + ;272L2nLllyt — .
Using tower property
E [z — 2u]”] = E [E [lorsr — 2l | 20, 3]
n 1

< (1= )" E [l = o] + 129 LnL?E [y — ..

Now we look at

| y+ with probability 1 — p
Y41 =1 2, with probability p
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n=252,k=252 n=16100,k =1611 n =35000, k = 459

—»— RR_SAGA —+— RR_SAGA
—+— Rand-Reshuffle 175 —+— Rand-Reshuffle

—— RR_SAGA 025
—— Rand-Reshuffle 06

0 25 50 75 100 125 150 175 200 0 10 20 30 40 50 0 20 40 60 80 100
#gradients/n #gradients/n #gradients/n

Figure 1: Comparison of Rand-Reshuffle and RR-SAGA with theoretical stepsizes on bodyfat,
a7a, and i jcnnl datasets (from left to right).

Thus, E [[|ye+1 — 2« ]|* | 26, ye] = (1 = p)llye — @+ ||* + pllx: — 2.]*. Using tower property

E [lyer1 — @] = E [E [llye+1 — z* | @, ye]]
= (1= p)E [llye — zl|*] +pE [lle — 2 ]*] -
Denote V; = E [||z; — 2. ||*] + ME [||ly: — 2.|*] and we have
Vigr =E [[lzer1 — 2.)1*] + ME [||lyerr — 2]

; 2
< A=) "E [lze — z.|?] + ﬁngsnE [lye — 2« lI’] + (1 = p)ME [[lye — 2|%] + pME [||z: — 2. |%]

< (=" + pMDE [l — ] + (1= )+ 2T

< max (=" + a0, (=) + 2220 v

) ME [jz: ~ .|

Unrolling the recusrion we have
273 T
Vr < max (((1 = )" +pM), (1 -p+ %)) Vo.

Applying M = % and v < 5 /5E- we get

273 T
VTSmaX((lf'yu)"Jrf,lfp(lf 2L n>) Vo.

F.5. Experiments

F.6. Rand-Reshuffle vs RR-SAGA

In this experiment, we compare Rand-Reshuffle and RR-SAGA under an academic setting, i.e. we choose the steps
that are suggested by theory. For Rand-Reshuffle we take the stepsize v = 1/v2Ln» when n > % 171% and v =
2L
Mﬁ\/% otherwise, and for RR-SAGA v = 7¥5—. We can see that Rand-Reshuffle outperforms RR-SAGA
in terms of the number of epochs and the number of gradient computations. Although the cost of iteration of Rand-
Reshuffle is twice higher than RR-SAGA, the larger stepsize significantly impacts the total complexity. In addition,
RR-SAGA needs O(nd) extra storage to maintain the table of gradients, which makes RR-SAGA algorithm hard to use
in the big data regime.
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n=252,k=26 n=252,k=252 n=1605, k=161
102 —— SAGA 107 107 —— SAGA
. —+— RR-SAGA 10-4 10-4 —+— RR-SAGA
10 —+— Rand-Reshuffle - _7 —+— Rand-Reshuffle
1010 —— L-SVRG 10 10 —— LSVRG
= SVRG =00 = 10710 SVRG
x 10714 x x
| I 10713 I 10713 Wl
ESTREY X | = saca ES
» 10 —+— RR-SAGA 10
107 1019 { —— Rand-Reshuffle 101
. —— LSVRG
10726 -22 -22
10 SVRG 10
1072 1072 1077
5 10 15 20 25 30 35 40 0 10 20 30 40 50 60 70 0 10 20 30 40 50
#gradients/n #gradients/n #gradients/n

Figure 2: Comparison of SAGA, RR-SAGA, Rand-Reshuffle, L-SVRG and SVRG with optimal stepsizes
on bodyfat dataset with different regularization constants (on the left and middle) and
ala (on the right).

n=4177,k=413 n=4177,k=413 n=1605,k =161 n=1605,k =161

1072 1072 0 —— Det-Shuffle 10 —— Det-Shuffle
106 10 108 N :3;anufiwe 10 :\a’:aﬁsnume
o0 =00 = 107 St — Rand-Reshuffle = 10 —+— Rand-Reshuffle

X x % . —— L_SVRG x —— LSVRG
I 10714 —&— Det-Shuffle 1 10714 —*— Det-Shuffle 1107 1107
kS Rand-Shuffle ES Rand-Shuffle ES ES
100 SVRG T SVRG T =10V
1022 | = Rand-Reshuffle 1022 | = Rand-Reshuffle 102 102
—%— L_SVRG —*— L_SVRG
1077 10726 107 107
Figure 3: Comparison of SVRG, L-SVRG, Rand-Reshuffle, Det-Shuffle and on abalone

and ala datasets. For each dataset we run 5 experiments and take best errors (1st and
3rd plots) and average errors (2nd and 4th plots) for each algorithm.

F.7. Variance Reduced Random Reshuffling Algorithms

This section compares the variance reduced algorithms with and without random reshuffling: SAGA, RR-SAGA, SVRG,
L-SVRG and Rand-Reshuffle. For each algorithm, we choose its optimal stepsizes using the grid search. To make
algorithms reasonable to compare in SVRG, we set the length of the inner loop m = n, in L-SVRG the control update
probability is 1/n. Also, we consider only the uniform sampling version of SVRG and L-SVRG. We can see the results
on Figure 2. We can see that the variance reduced algorithms perform well on this experiment, and there is no obvious
leader. However, note that for SAGA and RR-SAGA, we need to have an additional O(nd) space to store the table of
the gradients, which is a serious issue in the big data regime.

F.8. Different versions of SVRG

In this section, we compare different types of SVRG algorithm: SVRG, L-SVRG, Rand-Reshuffle, and
Det-Shuffle. For each algorithm we run five experiments with different random seeds with optimal stepsizes found by
grid search, then we plot the best of the errors (first and third plots) and the average of the errors (second and fourth
plots) on Figure 3. We can see that Rand-Reshuffle in average outperforms other algorithms, while in some random
cases L-SVRG can perform better. Also, we can see that is better than Det-Shuffle that coincides with
theoretical findings. If the sampling in each epoch is problematic, one can shuffle data once before the training.

F.9. Experiments with logistic regression

We also run experiments for the regularized logistic regression problem; i.e., for problem (1) with
fl@) =1 2, log (1+ exp(~yia) 2)) + 3 [l

Note that the problem is L-smooth and p-strongly convex for L = ﬁ)\max (ATA) 4+ X and = A In these ex-
periments (also in the ridge regression experiments) when we choose optimal stepsize, we choose the best one among
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n=252,k=7 n=252,k=64 n=1605, k =402

1071 4 10-1

11VFx 2
5
119A(x)l 12

—— SAGA
10-13 { —— RR-SAGA
—— Rand-Reshuffle
1071 { —— L_SVRG

—— SAGA
10713 —— RR-SAGA
—— Rand-Reshuffle
10716 { —— L_SVRG

—— SAGA
—+— RR-SAGA
107" | —— Rand-Reshuffle
—— L_SVRG

119Ax) |12
3
4

- 10-13

SVRG SVRG SVRG

0-19 019 0-15

00 25 50 75 100 125 150 175 20.0 00 25 50 75 100 125 150 175 20.0 0 5 10 15 20 25 30 35 40
#gradients/n #gradients/n #gradients/n
n=4177,k=1045 n=3185,k=797 n=6414,k=1604
10°
—=— SAGA —+— SAGA
1072 107t —»— RR-SAGA 102 —#— RR-SAGA
o —=— Rand-Reshuffle —+— Rand-Reshuffle

1075 102 —=— L_SVRG 10-* —— L_SVRG
o = o~ R SVRG
3 108 3 z 10
g g g
= —— SAGA 5107 B 10

107 1+~ RR-SAGA o

—— Rand-Reshuffle 107 10
1071 —— L SVRG 10-12
SVRG
1077 107° 1073
5 10 15 20 25 10 20 30 40 50 5 10 15 20 25 30 35 40
#gradients/n #gradients/n #gradients/n

Figure 4: Comparison of SAGA, RR-SAGA, Rand-Reshuffle, L-SVRG and SVRG with optimal stepsizes
on bodyfat dataset with different regularization constants (upper left and middle), ala
(upper right), abalone (lower left), a3a (lower middle) and a5a (lower right).

T, 555355 25> 1oz - For the logistic regression we do not have an explicit formula for the optimum .. as in the ridge

regression, thus in this case we compare the norm of the gradients instead. In Figure 4 we can see the performance of the
variance reduced algorithms: SAGA, RR-SAGA, SVRG, L-SVRG and Rand-Reshuffle.

We now compare RR from [23] and our Algorithm 2. For the Variance Reduced Random Reshuffling algorithm we
choose the control update probability p = 0.9, p = 0.5 and p = 1 (Rand-Reshuffle). In our setting, for each algorithm,
we choose optimal stepsizes using the grid search. From the plots on Figure 7, we can see that the variance reduction
indeed works - RR after some iterations starts to oscillate, while RR-VR version converges to the optimum for all choices
of p. We also can see that depending on the problem, different values of p could be optimal.

n=4177,k=413 n=4177,x=3684 100 n=4177,k=17862
_ 10-
10~
1073 1072
10°°
-
= 10® == RR w10 R
% —+— RR-VR.9 x 1077 x
Lo —— RRRS n N "
= —+— Rand-Reshuffle X 107 = 10
101 | e —— RR S5
107 e RRVRS Lo-8 | = RRAVRO [
1017 10-53] —— RRVRS —+— RR-VR.5 S
2 —— Rand-Reshuffle —+— Rand-Reshuffle
o 10 20 30 40 50 07 10 20 30 40 50 w07 10 20 30 40 50
#gradients/n #gradients/n #gradients/n

Figure 5: Comparison of RR, RR-VR with probabilities p = 1 (Rand-Reshuffle), p = 0.5 (RR-
VR.5) and p = 0.9 (RR-VR.9) on abalone dataset, We set the regularization constant
A as 1/n, 1/10n, 10/n to obtain different condition numbers k = L/,.

In this section we also provide additional experiments in general convex setting. We also test our algorithms on
larger datasets. As we can see Rand-Shuffle and Rand-Reshuffle algorithms significantly outperform other methods.
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n=1605 n=16100
0
10° 4 —— SAGA 10 —— SAGA
—+— RR-SAGA 10-1 —~— RR-SAGA
—#— Rand-Reshuffle Y —+— Rand-Reshuffle

10714 —— L_SVRG
+— SVRG

0 20 40 60 80 100 0 20 40 60 80 100
#gradients/n #gradients/n

Figure 6: Comparison of methods on ala (left) and a7a (right) datasets, we set the regularization
constant A = 0 to obtain general convex case.

n=20640,k =2058

10—1 i

1074 -

10—7 i
N —+— Det-Shuffle
= 10710+ —+— Rand-Shuffle
T 10-13 —+— SVRG
g —— Rand-Reshuffle
= 10711 —+— L_SVRG

10—19 i

10—22 i

10_25 T T T T T

0 10 20 30 40 50 60

#gradients/n

Figure 7: Comparison of methods on cadata dataset, we set the regularization constant A = 10/n
and carefully chosen stepsizes.
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