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Abstract

We aim to design step-size schemes that make stochastic gradient descent (SGD) adaptive to (i)
the noise o2 in the stochastic gradients and (ii) problem-dependent constants. When minimiz-
ing smooth, strongly-convex functions with condition number x, we first prove that T iterations
of SGD with Nesterov acceleration and exponentially decreasing step-sizes can achieve a near-
optimal O (exp (~T/yr) +7°/ T) convergence rate. Under a relaxed assumption on the noise, with
the same step-size scheme and knowledge of the smoothness, we prove that SGD can achieve an
O (exp (=T/x) + o°/7) rate. In order to be adaptive to the smoothness, we use a stochastic line-
search (SLS) and show (via upper and lower-bounds) that SGD converges at the desired rate, but
only to a neighbourhood of the solution. Next, we use SGD with an offline estimate of the smooth-
ness, and prove convergence to the minimizer. However, its convergence is slowed down propor-
tional to the estimation error and we prove a lower-bound justifying this slowdown. Compared
to other step-size schemes, we empirically demonstrate the effectiveness of exponential step-sizes
coupled with a novel variant of SLS.

1. Introduction

We study the unconstrained minimization of a finite-sum objective f : R? — R:

min f(w):= — Zfl(w) (D

weRd n “—

For supervised learning, n represents the number of training examples and f; is the loss of example
1. In the main paper, we assume f to be a smooth, strongly-convex function and denote w* to be
the unique minimizer of the above problem. We consider broader function classes in Appendix D.

We study stochastic gradient descent (SGD) and its accelerated variant for minimizing f [4,
26, 27, 30]. The empirical performance and the theoretical convergence of SGD is governed by
the choice of its step-size, and numerous ways of selecting it have been studied in the literature.
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For example, Gower et al. [10], Moulines and Bach [25] use a constant step-size for convex and
strongly convex functions. A constant step-size only guarantees convergence to a neighborhood
of the solution. In order to converge to the exact minimizer, a common technique is to decrease
the step-size at an appropriate rate, and such decreasing step-sizes have also been well-studied in
the literature [8, 30]. The rate at which the step-size needs to be decayed depends on the function
class under consideration. For example, when minimizing smooth, strongly-convex functions using
T iterations of SGD, the step-size is decayed at an O(1/k) rate where k is the iteration number.
This results in an ©(1/7") convergence rate for SGD and is optimal in the stochastic setting [28].
On the other hand, when minimizing a smooth, strongly-convex function with condition number
K, deterministic (full-batch) gradient descent (GD) with a constant step-size converges linearly
and has an O(exp(—T'/k)) convergence rate. Augmenting constant step-size GD with Nesterov
acceleration can further improve the convergence rate to © (exp(—17"/+/k)) which is optimal in the
deterministic setting [27]. Hence, the stochastic and deterministic variants of gradient descent use
a different step-size strategy to obtain the optimal rates in their respective settings.

Towards noise adaptivity: Ideally, we want a noise-adaptive algorithm such that (i) it obtains
the optimal rates in both the deterministic and stochastic settings (ii) its convergence rate depends
on the noise in the stochastic gradients and (iii) the resulting algorithm does not require knowledge
of the stochasticity (e.g. an upper bound on the variance in stochastic gradients).

There have been three recent attempts to obtain such an algorithm. For smooth, strongly-convex
functions, if o is the noise level in the stochastic gradients, Stich [32] achieves an O (exp(—T/k)+

%2) convergence rate using SGD that switches between two carefully designed step-sizes. When
o = 0, the resulting algorithm achieves the deterministic GD rate, whereas for a non-zero o, its
rate is governed by the o /T term. Unfortunately, setting the algorithm parameters requires the
knowledge of o and hence, it is not noise-adaptive. On the other hand, Khaled and Richtarik [13]
and Li et al. [18] do not require knowledge of o, and can obtain the same rate for smooth func-
tions satisfying the Polyak-Lojasiewicz (PL) condition [12], a generalization of strong-convexity.
For this, Li et al. [18] use an exponentially decreasing sequence of step-sizes, while Khaled and
Richtérik [13] use a constant then decaying step-size. However, neither of these methods match the
optimal \/k dependence in the linear convergence term.

Contribution: Since we consider the easier (compared to PL) strongly-convex setting, it is
unclear if we can achieve the above rate by using the conventional polynomially decreasing step-
sizes [30]. Unfortunately, in Lemmas 3 and 4, we prove that no polynomially decreasing step-size
of the form O () for 6 € [0,1] can achieve the desired O <exp(—T/ K) + %2) rate!. Conse-
quently, we will use an exponentially decreasing step-size.

Contribution: In Section 3, we use SGD with an exponentially decreasing step-size and a
stochastic variant of Nesterov acceleration [33]. Under a growth-condition similar to Bottou et al.
[4], Khaled and Richtarik [13], Li et al. [18], we prove that the resulting algorithm achieves

the near-optimal O (exp(—T /VE) + %2) convergence when minimizing smooth, strongly-convex

1. Note that this result does not cover step-size sequences that switch between two values of ¢, for example in [13]
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functions. Our algorithm thus achieves the near-optimal rate in both the stochastic and determinis-
tic settings and its rate smoothly varies between the two regimes. Furthermore, our algorithm does
not require knowledge of o2 and hence satisfies three desiderata outlined above. To the best of our
knowledge, this is the first such result.

Towards noise and problem adaptivity: Typically, SGD also requires the knowledge of problem-
dependent constants (such as smoothness or strong-convexity) to set the step-size. In practice, it is
difficult to estimate these problem-dependent constants, and one can only obtain loose bounds on
them. Consequently, there have been numerous methods [2, 7, 14, 17, 20, 34] that can adapt to the
problem parameters, and adjust the step-size on the fly. We term such methods as problem-adaptive.
Unfortunately, it is unclear if such problem-adaptive methods can also be made noise-adaptive. On
the other hand, all the noise-adaptive methods [13, 18, 32] including the algorithm proposed in Sec-
tion 3 require the knowledge of problem-dependent constants and are thus not problem-adaptive.

In order to make progress towards an SGD variant that is both noise-adaptive and problem-
adaptive, we only consider algorithms that can achieve the (non-optimal) 0) (exp(—T/ k) + %)
convergence rate. We note that the noise-adaptive algorithm in Li et al. [18] only requires knowl-
edge of the smoothness constant and we try to relax this requirement.

Contribution: In Appendix B.2, we use stochastic line-search [34] to estimate the smoothness
constant on the fly. We prove that SGD in conjunction with exponentially decreasing step-sizes
and stochastic line-search (SLS) converges at the desired noise-adaptive rate but only to a neigh-
bourhood of the solution. This neighbourhood depends on the noise and the error in estimating
the smoothness. We prove a corresponding lower-bound that shows the necessity of this neigh-
bourhood term. Our lower-bound shows that if the step-size is set in an online fashion (using the
sampled function like in SLS), no decreasing sequence of step-sizes can converge to the minimizer.

Contribution: In Appendix B.3, we consider estimating the smoothness constant in an offline
fashion (before running SGD). SGD with an offline estimate of the smoothness and exponentially
decreasing step-sizes converges to the solution, though its rate is slowed down by a factor propor-
tional to the estimation error in the smoothness. Our upper-bound shows that even if we misesti-
mate the smoothness constant by a multiplicative factor of v, the convergence can slow down by a
factor as large as O(exp(v)). We complement this result with a lower-bound that shows that this
misestimation necessarily slows down the rate by a potentially exponential factor. Our results thus
demonstrate the difficulty of obtaining noise-adaptive rates while being adaptive to the problem-
dependent parameters.

Contribution: In Appendix C, we compare the performance of different step-size schemes
on convex, supervised learning problems. Furthermore, we propose a novel variant of SLS that
guarantees converges to the minimizer and demonstrate its practical effectiveness.

Contribution: Finally, in Appendix D, we prove matching results for SGD on strongly star-
convex functions [11], a class of structured non-convex functions. We also show the explicit de-
pendence of our results on the mini-batch size. We prove upper-bounds for (non-strongly-) convex
functions, showing that even when the smoothness constant is known, exponentially decreasing
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step-sizes converge to a neighbourhood of the solution. We reason why any polynomial/exponentially
decreasing step-size sequence is unlikely to be noise-adaptive in this setting.

2. Problem setup and Background

We will assume that f and each f; are differentiable and lower-bounded by f* and f;*, respectively.
Throughout the main paper, we will assume that f is p-strongly convex, and each f; is convex.
Furthermore, we assume that each function f; is L;-smooth, implying that f is L-smooth with
L := max; L;. We include definitions of these properties in Appendix A.

We use stochastic gradient descent (SGD) or SGD with Nesterov acceleration [27] (referred to
as ASGD) to minimize f in Eq. (1). In each iteration k € [T'], SGD selects a function f;;, (typically
uniformly) at random, computes its gradient and takes a descent step in that direction. Specifically,

W1 = Wk — ViV fir(wy), (2

where wy, 1 and wy, are the SGD iterates, and V f;(-) is the gradient of the loss function chosen at
iteration k. Each stochastic gradient V f;(w) is unbiased, implying that E; [V f; (w)|wg] = V f(w).
The product of scalars 7, := Yy defines the step-size for iteration k. The step-size consists of two
parts - a problem-dependent scaling term -y, that captures the (local) smoothness of the function,
and a problem-independent term «y, that controls the decay of the step-size. Typically, oy is a
decreasing sequence of k, and limg_,o, ax = 0. The oy sequence depends on the properties of
f, for example, for convex functions, oy = O(1/vk) while for strongly-convex functions, oy =
O(V/k).

Throughout the paper, we will assume that 7" is known in advance (this requirement can be re-

laxed via the standard doubling trick), and consider exponentially decreasing step-sizes [18] where
1/T
o= [% < 1 for some parameter 3 > 1 and oy, := ok,

Unlike SGD, ASGD has two sequences {wy, yx } and an additional extrapolation parameter by.
ASGD computes the stochastic gradient at the extrapolated point ¥ and takes a descent step in that
direction. Specifically, the update in iteration k of ASGD is:

Yk = Wi + by (wg — wg—1), (3)
Wet1 = Yk — Yk V fik (Yr)- 4)

In the next section, we will analyze the convergence of ASGD with exponentially decreasing
step-sizes for smooth, strongly-convex functions.

3. Convergence of ASGD

For analyzing the convergence of ASGD, we will assume that the stochastic gradients satisfy a
growth condition similar to Bottou et al. [4], Khaled and Richtarik [13], Li et al. [18] — there exists
a (p,o) with p > 1 and o > 0, such that for all w,

E; ||V fi(w)[|* < p |V f(w)|* + o*. )
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Note that in the deterministic setting (when using the full-gradient in Eq. (4)), p = 1 and 0 = 0.
Similarly, o = 0 when the stochastic gradients satisfy the strong-growth condition when using
over-parameterized models [22, 31, 33]. Under the above growth condition, we prove the following
theorem in Appendix E.

Theorem 1 Assuming (i) convexity and L;-smoothness of each f;, (ii) u strong-convexity of f

and (iii) the growth condition in Eq. (5), ASGD (Egs. (3) and (4)) with wy = Yo, Yk = /%L’
s\ /T g\ k/2T
o= (T) , O = ak, T = pLL <T> and bk Computed as:
1 —7g—1) Tg—
bk:( Tk I)Tk la, (6)

R e
has the following convergence rate:

I ow 1L So%eys (n(7/5))?
~ it ) U = 11+

E[f(wr) — f*] < 2c3exp (

where = s = e (et ) ond s = o< (s o )

The above theorem implies that ASGD achieves an O <exp (\;—%) + %2> convergence rate. This

improves over the non-accelerated O <exp (_TT) + %2) noise-adaptive rate obtained in Khaled and
Richtérik [13], Li et al. [18], Stich [32]. Under the strong-growth condition (when o = 0), ASGD
improves (by a /p factor) over the rate in Vaswani et al. [33] and matches (upto log factors)
the rate in Mishkin [24]. In the general stochastic case, when o # 0, Cohen et al. [6], Vaswani
et al. [33] prove convergence to a neighbourhood of the solution, while we sshow convergence to
the minimizer at a rate governed by the O(c?/T') term. In the fully-deterministic setting (p = 1
and o = 0), Theorem 1 implies an O(exp(—T/+/k)) convergence to the minimizer, matching the
optimal rate in the deterministic setting [27]. We note that ASGD does not require knowledge of o?
and is thus completely noise-adaptive. To smoothly interpolate between the stochastic (mini-batch
size 1) and fully deterministic (mini-batch size n) setting, we generalize the growth condition (and
the above result) to show an explicit dependence on the mini-batch size in Appendix D.

Finally, we note that ASGD requires the knowledge of both 1 and L and is thus not problem-
adaptive. In Appendix B, we consider strategies towards achieving problem-adaptivity.

4. Conclusion

In this paper, we first developed a variant of SGD with Nesterov acceleration and exponentially
decreasing step-sizes, and proved that it achieves the near-optimal convergence rate in both the de-
terministic and stochastic regimes. We then considered two strategies for making SGD both noise-
adaptive and problem-adaptive. Using upper and lower-bounds, we showed that there is always
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a price to pay for problem-adaptivity — estimating the smoothness constant in an online fashion
results in convergence to a neighbourhood of the solution, while an offline estimation results in a
slower convergence to the minimizer. We empirically demonstrated the effectiveness of a noise-
adaptive, problem-adaptive method that uses exponential step-sizes coupled with a novel variant of
stochastic line-search. In the future, we hope to develop a problem-adaptive variant of ASGD.
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Supplementary material

Organization of the Appendix

A Definitions

B Towards noise and problem adaptivity
C Experiments

D Additional theoretical results

E Proof for ASGD

F Upper-bound Proofs for Appendix B
G Lower-bound proofs for Appendix B

H Helper Lemmas

Appendix A. Definitions

Our main assumptions are that each individual function f; is differentiable, has a finite minimum f;*, and is L;-smooth, meaning
that for all v and w,

L; .
fi(v) < fi(w) + (Vfi(w),v —w) + 5 v —wl?, (Individual Smoothness)

which also implies that f is L-smooth, where L is the maximum smoothness constant of the individual functions. A consequence
of smoothness is the following bound on the norm of the stochastic gradients,

IV fi(w)|* < 2L(fi(w) — £7).
We also assume that each f; is convex, meaning that for all v and w,

fi(v) > fi(w) = (V fi(w),w —v), (Convexity)

Depending on the setting, we will also assume that f is u strongly-convex, meaning that for all v and w,

f) > f(w) +(Vf(w),v —w) + % lv— wH2 , (Strong Convexity)

10
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Appendix B. Towards noise and problem adaptivity

In this section, we consider approaches for achieving both noise and problem adaptivity when minimizing smooth, strongly-
convex functions. In order to make progress towards this objective, we will only consider SGD and aim to obtain the non-
accelerated noise-adaptive rate matching Khaled and Richtarik [13], Li et al. [18], Stich [32], but do so without knowing
problem-dependent constants.

For this section, we will consider a different weaker notion of noise in the stochastic gradients. Instead of using the growth
condition in Eq. (5) or the more typical assumption of finite gradient noise 22 := E;[||V f;(w*)||?] < oo, we assume a finite
optimal objective difference. Specifically, we redefine the noise as 02 := E;[f;(w*) — ff] > 0. This notion of noise has been
used to study the convergence of constant step-size SGD in the inferpolation setting for over-parameterized models [20, 35, 36].
Note that when interpolation is exactly satisfied, 0 = z = 0. In general, if each function f; is u-strongly convex and L-smooth,
then 5-2% < 0% < 122

We will continue to use exponentially decreasing step-sizes. As a warm-up towards problem-adaptivity, we first assume
knowledge of the smoothness constant in Appendix B.1 and analyze the resulting SGD algorithm. In Appendix B.2, we consider
using a stochastic line-search [34, 35] in order to estimate the smoothness constant and set the step-size on the fly. Finally,
in Appendix B.3, we analyze the convergence of SGD when using an offline estimate of the smoothness.

B.1. Known smoothness

We use the knowledge of smoothness to set the problem-dependent part of the step-size for SGD, specifically, v, = 1/L. With
an exponentially decreasing a-sequence, we prove the following theorem in Appendix F.1.

Theorem 2 Assuming (i) convexity and L;-smoothness of each f;, (ii) p strong-convexity of f, SGD (Eq. (2)) with ~y, = %,

1/T
a= (%) , Qp = o®, has the Jfollowing convergence rate,

« ) 802cok? (In(7/8))?

E x||2 < |2 _
lwrs1 — " < flwr — w[|" ez exp k In(7/s) Le? 2T

L _ 1, _28
where Kk = m and c3 = exp (E ‘ W)‘

Compared to Moulines and Bach [25] that use a polynomially decreasing step-sizes, the proposed step-size results in a better
trade-off between the bias (initial distance to the minimizer) and variance (noise) terms. We use exponentially decreasing step-
sizes rather than the step-size schemes used in Khaled and Richtarik [13], Stich [32] because both of these also require the
knowledge of the strong-convexity parameter which is considerably more difficult to estimate.

Since strongly-convex functions also satisfy the PL condition [12], the above result can be deduced from [18]. However,
unlike [18], our result does not require the growth condition and uses a weaker notion of noise. Moreover, we use a different
proof technique, specifically, Li et al. [18] use the smoothness inequality in the first step and obtain the rate in terms of the
function suboptimality, E[f(wr) — f*]. In contrast, our proof uses an expansion of the iterates to obtain the rate in terms of
the distance to the minimizer, E ||wp4q — w*\|2. This change allows us to handle the case when the smoothness constant is
unknown and needs to be estimated.

Next, we use stochastic line-search techniques to estimate the unknown smoothness constant and set the step-size on the fly.

11
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B.2. Online estimation of unknown smoothness

In this section, we assume that the smoothness constant is unknown, aim to estimate it and set the step-size in an online fashion.
By online estimation, we mean that in iteration k£ of SGD, we use knowledge of the sampled function iy, to set the step-size,
i.e. setting 75 depends on i;. We only consider methods that use the knowledge of 7y in iteration k£ and are not allowed to
access the other functions in f (for example, to compute the full-batch gradient at wyg). Recent methods based on a stochastic
line-search [34, 35], stochastic Polyak step-size [3, 20] or stochastic Barzilai-Borwein-like step-size [23] are techniques that can
set the step-size by only using the current sampled function.

We use stochastic line-search (SLS) to estimate the local Lipschitz constant and set -y, the problem-dependent part of the
step-size. SLS is the stochastic analog of the traditional Armijo line-search [1] used for deterministic gradient descent [29]. In
each iteration k£ of SGD, SLS estimates the smoothness constant L, of the sampled function using f; and V f;. In particular,
starting from a guess (Ymax) Of the step-size, SLS uses a backtracking procedure and returns the largest step-size -y, that satisfies
the following conditions: 7y; < Ymax and

fir(wr, — WV fir(w)) < far(wr) — e |V fir (wi) || - (N

Here, ¢ € (0, 1) is a hyper-parameter to be set according to the theory. SLS guarantees that resulting the step-size -y lies in the

[min { 2%;6) , Ymax ( » Ymax | range (see Lemma 11 for the proof). If the initial guess is large enough i.e. Ymax > 1/L;k, then
the resulting step-size v > 2(L17—kc) Thus, with ¢ = 1/2, SLS can be used to obtain an upper-bound on 1/L,.
In the interpolation (o = 03 setting, a constant step-size suffices (o = 1 for all k), and SGD obtains a linear rate of con-
vergence (for ¢ > 1/2) when minimizing smooth, strongly-convex functions [34]. In general, for a non-zero o, using SGD with
SLS and no step-size decay (o, = 1) results in O (exp(—T /K) + ’}/maXUQ) rate [35], implying convergence to a neighbourhood
determined by the "YmaX0'2 term.
In order to obtain a similar rate as Theorem 2 but without the knowledge of L, we set v, with SLS and use the same

exponentially decreasing a-sequence. We prove the following theorem in Appendix F.2.

Theorem 3 Assuming (i) convexity and L;-smoothness of each f;, (ii) p strong-convexity of f, SGD (Eq. (2)) with o =
1T
% , ap = of and vy, as the largest step-size that satisfies Vi, < ~Ymax and Eq. (7) with ¢ = 1/2, has the following

convergence rate,

« 80201(:“6/)2'7111&)( (ln(T/ﬁ))Q
# In(7/5) > i ¢’ o’T

202c1 K In(T 1
+ 7ar n( /B) <'7max_min {7maxv}>

E Jwrit — w | < [l — w|2er exp (—

ex L

. L 1 1 2
with k' = max {E’ T }, c1 = exp <g . %)

We observe that the first two terms are similar to those in Theorem 2. For . > v/ = k and the above theorem implies

1
L
~ 2
the same O (exp(—T /k) + %) rate of convergence. However, as 7' — oo, wp; does not converge to w*, but rather to a

neighbourhood determined by the last term 2071 In(1/5) (’Ymax - l). The neighbourhood thus depends on the noise o and
eq L

(%nax — %), the estimation error (in the smoothness) of the initial guess.

12
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When o2 = 0, this neighbourhood term disappears, and SGD converges to the minimizer despite the estimation error. This
matches the result for SLS in the interpolation setting [34]. Conversely, when the smoothness is known and v,,x can be set
equal to %, we also obtain convergence to the minimizer and recover the result of Theorem 2. In fact, if we can “guess” a value
of Ymax < %, it would result in the neighbourhood term becoming negative, thus ensuring convergence to the minimizer. In this
case, the stochastic line-search does not decrease the step-size in any iteration, and the algorithm becomes the same as using a
constant step-size equal to ypax. Finally, we contrast our result for SGD with SLS and o = 1 [35] and observe that instead
of the dependence on ~y,ax, our neighbourhood term depends on the estimation error in the smoothness. In the next section, we
prove a lower-bound that shows the necessity of such a neighbourhood term.

B.2.1. LOWER BOUND ON QUADRATICS

In order to prove a lower-bound, we consider a pair of 1-dimensional quadratics f;(w) = 1/2 (z;w — y;)? for i = 1,2. Here, w,
x;, y; are all scalars. The overall function to be minimized is f(w) = (1/2)-[f1(w) + fa(w)]. We assume that ||z || # ||z2||, and
since L; = HacZHZ, this assumption implies different smoothness constants for the two functions. For a sufficiently large value

: 1
of Ymax 1.€. { Ymax > Winse ) L

With these choices, we prove the following lower-bound in Appendix G.1.

, using SLS with ¢ > 1/2 (required for convergence) results in ; < 1/Lik2 (see Lemma 11).

Theorem 4 When using T iterations of SGD to minimize the sum f(w) = M

fi(w) = 2(w—1)% and fo(w) = & (2w + 1/2)?, setting the step-size using SLS with Ymax > 1 and ¢ > 1/2, any convergent
sequence of ay, results in convergence to a neighbourhood of the solution. Specifically, if w* is the minimizer of f and w1 > 0,
then,

of two one-dimensional quadratics,

3
E(wr —w*) > min (wl, 8) .

The above result shows that using SGD with SLS to set v, and any convergent sequence of o, (including the exponentially-
decreasing sequence in Theorem 3) will necessarily result in convergence to a neighbourhood.

The neighbourhood term can thus be viewed as the price of misestimation of the unknown smoothness constant. This result is
in contrast to the conventional thinking that choosing an oy, sequence such that limy_, ., o = 0 will always ensure convergence
to the minimizer. This result is not specific to SLS and would hold for other methods [3, 20, 23] that set y; in an online fashion.
Since the lower-bound holds for any convergent « sequence, a possible reason for convergence to the neighbourhood is the
correlation between 7y, (the sampled function) and the computation of ;. We verify this hypothesis in the next section.

B.3. Offline estimation of unknown smoothness

In this section, we consider an offline estimation of the smoothness constant. By offline, we mean that in iteration k of SGD,
is set before sampling i; and cannot use any information about it. This ensures that v, is decorrelated with the sampled function
ix. The entire sequence of 7, can even be chosen before running SGD.

2. For 1-dimensional quadratics, yx = /L, for ¢ = 1/2.

13
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For simplicity of calculations, we consider a fixed ~y; = -y for all iterations. Here -y is an offline estimate of %, and can
be obtained by any method. Without loss of generality, we assume that this offline estimate is off by a multiplicative factor v
that is v = 7 for some v > 0. Here v quantifies the estimation error in v with v = 1 corresponding to an exact estimation
of L. In practice, it is typical to be able to obtain lower-bounds on the smoothness constant. Hence, the v > 1 regime is of
practical interest. For SGD with v, = v = 7 and an exponentially decreasing a-sequence, we prove the following theorem
in Appendix F.3.

Theorem 5 Assuming (i) convexity and L;-smoothness of each f;, (ii) p strong-convexity of f, SGD (Egq. (2)) with o =

1T
(%) ,ap = af and v, = 7 for v > 0 has the following convergence rate,

. . vT « 802 v 2B 4x21n(T/B)*
|wry1 —w H2 < lwr —w H2 C2 €Xp <_mln(T/ﬂ)> + 77 P (nln(T/ﬁ)> 202
' o (=1 v 20 8x% [In(v)]y+ In(T/B)
|t U~ e (i) s
n(1/8)

where Kk = %, co = exp (% %) and [z]+ = max{x,0}.

Observe that as ' — oo, SGD converges to the minimizer w*. The first two terms are similar to that in Theorem 2 and
imply an O (exp(—T )+ U—;) convergence to the minimizer. The third term can be viewed as the price of misestimation of the

unknown smoothness constant. Unlike in Theorem 3 where this price was convergence to a neighbourhood, here, the price of
misestimation is slower convergence to the minimizer.

Analyzing the third term, we observe that when v < 1, the third term is zero (since [In(r)]4+ = 0), and the rate matches
that of Theorem 2 up to constants that depend on v. For v > 1, the convergence rate slows down by a factor that depends on v.
The third term depends on max ¢ (p inw)l jincr/s)) 1.f(wj) — f*} because if v > 1, SGD can diverge and move away from the
solution for the initial T’ 1[21((%/)}5) iterations. This can be explained as follows: for v > 1, the step-size yx = 7 oy > % initially,

and SGD diverges in this regime. However, since o is an exponentially decreasing sequence, after kg := T% iterations,

7ok < % and the distance to the minimizer decreases after iteration kg, eventually resulting in convergence to the solution.

Finally, observe that the third term depends on O (exp(v)[In(v)]+) meaning that if we misestimate the smoothness constant
by a multiplicative factor of v, it can slow down the convergence rate by a factor exponential in v. In the next section, we justify
this dependence by proving a corresponding lower-bound.

B.3.1. LOWER BOUND ON QUADRATICS

In this section, we consider gradient descent on a one-dimensional quadratic and study the effect of misestimating the smooth-
ness constant by a factor of v > 1. For simplicity, we consider minimizing a single quadratic, thus ensuring 02> = 0. We prove
the following lower-bound in Appendix G.2.

14
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Theorem 6 When using gradient descent to minimize a one-dimensional quadratic function f(w) = %(xw — )2, with
1T
az(%) ,ak:akand%:%foru>3wehave
k
Wgt1 —w* = (wg — w*) H(l —vay).
i=1

After k' := ﬁ In (%) iterations, we have that

w1 — w*| > 28wy — w?].

14

Instantiating this lower-bound, suppose the estimate of L is off by a factor of v = 10, then In (g) > 1, which implies that

K > Lﬁj In other words, we do not make any progress in the first ﬁ iterations, and at this point the optimality

gap has been multiplied by a factor of 27/("/8) compared to the starting optimality gap. This simple example thus shows the
(potentially exponential) slowdown in the rate of convergence by misestimating the smoothness.

In the next section, we design a variant of SLS that ensures convergence to the minimizer while obtaining good empirical
control over the misestimation.
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Appendix C. Experiments
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(b) Logistic loss
Figure 1: Comparison of step-size strategies for (a) squared loss and (b) logistic loss. Observe that (i) exponentially decreasing
step-sizes result in more stable performance compared to using a constant step-size (for both SGD and ASGD) and

(ii) consistently outperform the noise-adaptive method in [13] and (iii) the stochastic line-search in Eq. (8) matches
the performance of the variant with known smoothness.

For comparing different step-size choices, we consider two common supervised learning losses — squared loss for regression
tasks and logistic loss for classification. With a linear model and an /5 regularization equal to % ||wH2, both objectives are
strongly-convex. We use three standard datasets from LIBSVM [5] — mushrooms, ijcnn and rcvl, and use A = 0.01. For each
experiment, we consider 5 independent runs and plot the average result and standard deviation. We use the (full) gradient norm
as the performance measure and plot it against the number of gradient evaluations.

For each dataset, we fix 7' = 10n, use a batch-size of 1 and compare the performance of the following optimization
strategies: (i) the noise-adaptive “constant and then decagl step-size” scheme in Khaled and Richtarik [13, Theorem 3] (denoted
as KR-20 in the plots). Specifically, for b = max{%, 2pL}, we use a constant step-size equal to 1/b when T" < b/ or

k < [T/2]. Otherwise we set the step-size at iteration k to be (/) fk_(T 727y (ii) constant step-size SGD with v, = % and
ap = 1 for all k£ (denoted as K—CNST in the plots) (iii)) SGD with an exponentially decreasing step-size with knowledge of
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1T
smoothness [18] i.e. v = % and oy, = aF fora = (%) (denoted as K—EXP) (iv) Accelerated SGD (ASGD) with a constant

step-size (o, = 1 for all k) [6, 33] (denoted as ACC-K—-CNST) and (v) ASGD with exponentially decreasing step-sizes, analyzed
in Section 3 and denoted as ACC-K—-EXP.

None of the above strategies are problem-adaptive, and all of them require the knowledge of the smoothness constant L.
Additionally, KR-20 and the ASGD variants also require knowledge of p, the parameter of the growth condition in Eq. (5)
and p, the strong-convexity parameter. If x; is the feature vector corresponding to example ¢, then we obtain theoretical upper-
bounds on the smoothness and set L = max; ||z]|* + X for the squared-loss and L = max; 1 l|]|* + X for the logistic loss.
Similarly, we set u = A for both the squared and logistic loss. To set p, we use a grid search over {10,100, 1000} and plot the
variant that results in the smallest gradient norm.

Using a stochastic line-search (SLS) can result in convergence to the neighbourhood (Appendix B.2) because of the correla-
tions between 7;, and ;. To alleviate this, and still be problem-adaptive, we design a decorrelated conservative variant of SLS:
at iteration k of SGD, we set 7 using a stochastic line-search on the previously sampled function i;,_1 (we can use a randomly
sampled j; as well). This ensures that there is no correlation between i and computing 7, but requires computing the gradient
of two functions - one for the update and the other for the line-search. The overall procedure can be described as follows: start-
ing with a backtracking line-search from v;_1 (the conservative aspect) (with 79 = ymax) for a random or previously sampled
functio n (j), find the largest step-size ~yj that satisfies

Fin (Wi = %V £, (wi)) < f (wi) — e[|V £, (wie) |1 ®)

and update wy, according to Eq. (2). The above procedure with ¢ = 1/2 ensures that v > min{~yx_1, 1/L} and 7 < y;_1. Since
vk 18 fixed before computing V f;;.(wy), this strategy can be analyzed using the framework in Appendix B.3. Specifically, it
results in 7, = %+ for some sequence of v, > 1. The conservative aspect ensures that v, < v;_;. Hence, the convergence rate
can be analyzed according to Theorem 5 with v = v and the initial line-search controlling the misestimation error. We use this
variant of SLS with exponentially decreasing step-sizes and denote it as SLS—-EXP in the plots. We emphasize that this strategy
is both noise-adaptive and problem-adaptive.

From Fig. 1, we observe that exponentially decreasing step-sizes (i) result in more stable performance compared to the
constant step-size variants (for both SGD and ASGD) and (ii) consistently outperform the noise-adaptive method in [13]. We
also observe that (iii) the stochastic line-search in Eq. (8) (SLS—EXP) matches the performance of the variant with known
smoothness (K-EXP) and (iv) ASGD does not result in improvements over SGD. This is because these methods are quite
sensitive to their parameter values and we set these parameters by using loose theoretical upper-bounds on both L and p.
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Appendix D. Additional theoretical results

In this section, we relax the strong-convexity assumption to handle broader function classes in Appendix D.1 and prove results
that help provide an explicit dependence on the mini-batch size (Appendix D.2) and in Appendix D.3 show that polynomially
decreasing step-sizes cannot obtain the desired noise-adaptive rate.

D.1. Relaxing the assumptions

In this section, we extend our theoretical results to a richer class of functions - strongly quasar-convex functions [11] and
(non-strongly) convex functions.

D.1.1. EXTENSION TO STRONGLY STAR-CONVEX FUNCTIONS

We consider the class of smooth, non-convex, but strongly star-convex functions [9, 11], a subset of strongly quasar-convex
functions. Quasar-convex functions are unimodal along lines that pass through a global minimizer i.e. the function monotonically
decreases along the line to the minimizer, and monotonically increases thereafter. In addition to this, strongly quasar-convex
functions also have curvature near the global minimizer. Importantly, this property is satisfied for neural networks for common
architectures and learning problems [15, 21].

Formally, a function is (¢, ¢t) strongly quasar-convex if it satisfies the following for all w and minimizers w*,

F0) 2 fw)+ A f(w)w” — ) + 5 o= w. ©)

Strongly star-convex functions are a subset of this class of functions with ¢ = 1. If L is known, it is straightforward to show
that the results of Theorem 2 carry over to the strongly star-convex functions and we obtain the similar O <exp(—T/ K) + "—;)
rate. In the case when L is not known, it was recently shown that SGD with a stochastic Polyak step-size [9] results in linear
convergence to the minimizer on strongly star-convex functions under interpolation and achieves an O (exp(—T) + ’YmaXO'2)
convergence rate in general. The proposed stochastic Polyak step-size (SPS) does not require knowledge of L, and matches the
rate achieved for strongly-convex functions [20]. However, SPS requires knowledge of f;*, which is usually zero for machine
learning models under interpolation but difficult to get a handle on in the general case.

Consequently, we continue to use SLS to estimate the smoothness constant. Our proofs only use strong-convexity between w
and a minimizer w*, and hence we can extend all our results from strongly-convex functions, to structured non-convex functions
satisfying the strongly star-convexity property, matching the rates in Theorem 3 and Theorem 5. Finally, we note that given
knowledge of (, there is no fundamental limitation in extending all our results to strongly quasar-convex functions. In the next
section, we relax the strong-convexity assumption in a different way - by considering convex functions without curvature.

D.1.2. HANDLING (NON-STRONGLY)-CONVEX FUNCTIONS

In this section, we analyze the behaviour of exponentially decreasing step-sizes on convex functions (without strong-convexity).
As a starting point, we assume that L is known, and the algorithm is only required to adapt to the noise 0. In the following
theorem (proved in Appendix F.4), we show that SGD with an exponentially decreasing step-size is not guaranteed to converge
to the minimizer, but to a neighbourhood of the solution.
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Theorem 7 Assuming (i) convexity and (ii) Li-smoothness of each f;, SGD with step-size n, = ﬁ ay has the following
convergence rate,

2L — a2 T, 2
Bl o) = f(w0) < 2 4 0t S o
=1

Z;{:l Ak

_ ZT QWi B k/T . .
where W41 = 2’3?7 For oy, = [T} , the convergence rate is given by,
k=1%k

oL In(T — w*|? T
E[f(wrs1) — f(w)] < a éfﬂ)_“;; vl +G2T—B

We thus see that even with the knowledge of L, SGD converges to a neighbourhood of the solution at an O(1/T") rate. We
contrast our result to AdaGrad [7, 16] that adapts the step-sizes as the algorithm progresses (as opposed to using a predetermined

. . . . . . 2
sequence of step-sizes like in our case), is able to adapt to the noise, and achieves an O (% + %) rate.

In order to be noise-adaptive and match the AdaGrad rate, we can use Eq. (10) to infer that a sufficient condition is for the
ag-sequence to satisfy the following inequalities, (i) a, > C 1" and (ii) ai < C’g\/T where (', C5 are constants. Unfortunately,
in Lemmas 12 and 13, we prove that it is not possible for any polynomially or exponentially-decreasing sequence to satisfy these
sufficient conditions. While we do not have a formal lower-bound in the convex case, it seems unlikely that these a;-sequences

can result in the desired rate, and we conjecture a possible lower-bound. Finally, we note that to the best of our knowledge, the

only predetermined (non-adaptive) step-size that achieves the AdaGrad rate is min {ﬁ, ﬁ} [8]. We also conjecture a lower-

bound that shows that there is no predetermined sequence of step-sizes (that does not use knowledge of %) that is noise-adaptive

and can achieve the O ( % + %) rate.

D.2. Dependence on the mini-batch size

In this section, we prove two results in order to explicitly model the dependence on the mini-batch size. We denote a mini-batch
as B, its size as B € [1,n] and the corresponding mini-batch gradient as V fg(w) = £ >° f.es V [i(w). The mini-batch gradient
is also unbiased i.e. Eg[V fz(w)] = V f(w), implying that all the proofs remain unchanged, but we need to use a different
growth condition for the ASGD proofs in Section 3 and a different definition of o for the SGD proofs in Appendix B. We refine
these quantities here, and show the explicit dependence on the mini-batch size.

Lemma 1 [f
Ei |V fi(w)]|* < p |V f(w)|* + o7,
then,

- B

VA< ((p_l)nnB 1) V) + P o

nBO'.
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Proof

Es ||V fs(w)||” = Eg ||V fa(w) — Vf(w) + Vf(w)|* = Eg |V f(w) — Vf(w)|* + |V f(w)|
(Since E[V f(w)] = V f(w))

Since we are sampling the batch with replacement, using [19],

n—B
< 2 (BN A@IE = IV @)IF) + 19 £ @)
n—B 2 2 2 . .
< = ((p - DIV 4o ) + |V f(w)]| (Using the growth condition)
- B - B
E 2< ((p-1)~ 1 o2
— Ba VA < (0= D" 4 1) VA + "
|
Lemma 2 [f
o? == E[fi(w*) - f{],
and each function f; is p strongly-convex and L-smooth, then
Ln—-B
—E o< 2 2,
slfB(w") — f5] < . nB °
Proof
By strong-convexity of f;,
1
Eglfs(w®) = f5] < 2B IV fi(w*))|*
Since we are sampling the batch with replacement, using [19],
1n—B 2
< o= E; |V fi(w*
< o E VAW
Ln—B
< ~n E[fi(w*) — f7] (By smoothness of f;)
©w nB
o — o-.
B = nB
|
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D.3. Polynomially decaying stepsizes

In this section, we analyze polynomially decreasing step-sizes, namely when 7, = ﬁ for some constants 7 > 0 and
0 < § < 1. We argue that even with knowledge of the smoothness constant, these step-sizes fail to converge at the desired
noise-adaptive rate even on simple quadratics. In particular, the next lemma shows that gradient descent (GD) applied to a
strongly-convex quadratic with a polynomially decreasing step-size fails to obtain the usual linear rate of the form O(p~7) for

some p < 1.

Lemma 3 When using T iterations of GD to minimize a one-dimensional quadratic f(w) = %(a:w — 1)?, setting =
%(lﬁ%)é Sfor some O < § < 1 results in the following lower bounds.
Ifo=1,

1
Wr+1 — w* = (wl — 'Z,U*) m

If0<éd <1, wy —w*>0andT is large enough,

25-1 _ (T+1)!70

[21/9]-1
wryr —w* > (w —w") <1 - 25> L T

1
k+1)8

Proof Observe that w* = ¥/z and L = z2. The GD iteration with 1 = % reads

—~

Wgt] = W —l$(ac2w —x)*w 1- ! —i—g ! =w 1—# —i—w*#
R =Wk T T e )0 R T Y T Wk k+19) T zkr1p (k + 1) (k + 1)

and thus

W1 —w* = (wp —w") (1_(k+11)6> :>wT+1_w*:(w1_w*)ﬁ<l_(k‘i‘11)5>

Ifo =1,

T
* * k *
wrn = w” = (w =) [[ 727 = (o =)y
k=1

If0<é<1andw; —w* >0,

e = o) T (1 gty ) = o T (1 )

k=1 k=1
We wish to use the inequality 1 — 27“3 > 272% which is true for all z € [0, 1/2]. In our case it holds for

1 1

(k+1)0% ~2

eV AR

IN
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Let ko = |2'/%]. Then for T > k,
ko—1 T
wry —w* = (wy —w*) H (1 > H ( >
P (k+1)° i k‘ +1)9

Now, for k < kg — 1, we have that (k+1) < 2%; and thus

ko—1 1 1\ ko1 1 [21/9] -1
> I — N
,}1(1 <k+1>6>—<1 25) <1 26)

B, S S
For k > kg, we have 1 — m > 2 “(+1)? and thus
T
H 1— 2 2 2722:%:]60 w — 272<Z£;L11 k%, :Ol %) > 2 2ZZ+11 kl
P 2(k +1)°
=R0

Using the bound in the proof of Lemma 12, we have

T+1
<14+ ( T+1)'70 1)
Z ké <1+ 1—46 ( + )
Putting this together we have that

B 1/(1-6) 1 B s
2 X i s g2k ((@Hyi-o-1)) _ 4 R e R e
- 4

Putting everything together we get that

1 [21/6] -1 s5-1  (T+1)1—3
wry —w* > (wg —w*) (1 — 26) 47547 15
[ |

The next lemma shows that when § = 0, namely when the step-size is constant, SGD applied to the sum of two quadratics
fails to converge to the minimizer.

Lemma 4 When using SGD to minimize the sum f(w) = M of two one-dimensional quadratics: f1(w) = %(w—l)2
and fo(w) = (2w + 1/2)2 with a constant step-size n = 1, the following holds: whenever |wy, — w*| < 1/s, the next iterate

satisfies |wp11 — w*| > 1/8.
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Proof First observe that w* = 0 and that L = 4. The updates then read

1 1 3 1

i Wrt1 = w — 1w ) = wi( 4) + 1= W + 1
Ifip =2 = 2(2 +1)— (1 4) L1
1 — 4 ¢ Wh+1 = Wk n Wi B = Wk 1 1 = 1

Suppose that |wy, — w*| =|wg| < /8. We want to show that |wy1| > 1/8. We can separate the analyses in three cases.
If wy, € (—1/8,0) and 75, = 1 then

3 +1> 3><1—{—1 5>1
w = —w - > —— X =—F—=—= > =
TR T8 T T 3278
If wy, € (0,1/8) and i, = 1 then
3 1 1
Wh1 Zwk+1>§
If 7, = 2 then
1 1
Wk+1 _Z<_§

implying that in each case, |wg4+1| > 1/s.
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Appendix E. Proof for ASGD

E.1. Reformulation

Let us consider a general ASGD update whose parameters satisfy the following conditions.

%
rp=(1- T’k)h%qL + T -
Nk—1
_ i
(L= rp—1)re—17
Nk ’
Nk—1

b

T + 7’1%—1

5\ F/T k/2T
It can be verified that setting 1 = yrayp = ,%L (T) ST = 4 /piL (%) satisfies Eq. (11).

an

(12)

We first show that the update in Eq. (3)-Eq. (4) satisfying the conditions in Eq. (12) and Eq. (11) can be written in an

equivalent form more amenable to the analysis.

Lemma S The following update:

TGk
Qk + Tk

We+1 = Yk — MV fik(Yk)

Y = Wk (wi — 2k)

1
Zhtl = Wk + —[Wry1 — Wi
Tk
where,

Q1 = (1 — ) qr + rp

7"1% = Qk+1Mk
1
21 = — [(L = ri)qezr + mepyr — 76V fir(Yr))
qk+1

is equivalent to the update in Eq. (3)-Eq. (4).

Proof

24
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(14)
15)

(16)
A7
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First we check the consistency of the update (Eq. (15)) and definition (Eq. (18)) of 2. Using Eq. (18),

1

21 = — [(L = i) qnzr + iy — 1V fie(ye)]
qk+1
L—ry T (1 —7ri)(qr +rep) | Tep
= )wk;_ V fie(yr) + vk ( ) ) +
Tk qk+1 L Ak+17Tk qk+1
L =7y Tk [qx (1 —75) + (rip — i TRH
_ )wk_ V fir (k) + un ( )+ ir) + —£
Tk qdk+1 L qk+1Tk qk+1Tk
1—rg Tk Qg1 — Tap) + (Tep — 120) + 1720
Tk qdk+1 L qk+1Tk

Wi 1
=wi — — + — [y — MV fir(Yx)]
Tk Tk

21 = Wi + — [Whg1 — wy]
Tk

which recovers Eq. (15) showing that the definition of z; and its update is consistent.

Now we check the equivalence of Eq. (11) and Eq. (16)-Eq. (17). Eliminating g using Eq. (16)-Eq. (17),

2 2

T
k= (1 =)L
Mk k-1

Multiplying by 7y, recovers Eq. (11).

(From Eq. (16))
(From Eq. (17))

(From Eq. (14))

Since Eq. (4) and Eq. (14) are equivalent, we need to establish the equivalence of Eq. (3) and the updates in Eq. (13)-Eq. (15).

From Eq. (15)

T —rg1
2k = Wg—1 + (g — wp—1] = zx —wp = ——— (Wp — Wg—1)
Tk—1 Tk—1
Starting from Eq. (13) and using the above relation to eliminate 2y,
Teqr 1 —Tp—1
Yk = Wk + [wg — wg—1]
Qk T TRl Tk—1
which is in the same form as Eq. (3). We now eliminate g, from %%. From Eq. (16) and Eq. (17),
2 2
= (1= rp)qk + e = qr+ TR =+ TR
Nk Nk
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Using this relation,

TRqe 1 —rg—1  qenr 1 —Tr—1
qk + TRl Tk—1 Tk + Qe Th—1
Using Eq. (17), observe that n,q; = 77:5 “Tk—1qk = n:ﬁ - r2_,. Using this relation,
Nk .2
TRy 1—7k—1 g k=1 1= (L—rpg)reor b
- M 5.2 - NMk—1 2 — Yk
Gk T TR Tk—1 Tk + o Th—1 Th-1 Tk T Tk

which establishes the equivalence to Eq. (3) and completes the proof.

|
E.2. Estimating sequences
Similar to [24, 27], we will use the estimating sequence { ¢, )\k}zozl such that A\, € (0,1) and
=1 ;5 A1 =(1—rp)Ag, 19)
o (w) = [inf gu(w)] + 5 lw — 2], (20)
and satisfies the following update condition
dr(w) < (1= Ag)f(w) + Apo(w) (21)

The above definitions impose the following update for ¢} := [inf,, ¢r(w)],
Tk L—rk)qr (1
s = (L= | £ = 5 (VI + D0 (B s+ (90~ d)| 2
Tk+1 Qr+1 2
Finally note that the definition of ¢, can be used to rewrite Eq. (13) as

Tk
=wp — ————V Wi ). (23)
Yk k T+ % P (wi)

E.3. Proof of Theorem 1

Given the definitions in Appendix E.2, we first prove the descent lemma for 7, = p%ak’ where o < 1 is the exponentially
decreasing step-size.

Lemma 6 Using the update in Eq. (14) with n;, = piLak, we obtain the following descent condition.

E[f (wi1)] < Ef ()] = 5 IVF@)ll* + 2p12L“§"2
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Proof By smoothness, and the update in Eq. (14),

Flukin) < Flom) — melV £, Vo) + 5 IV Foye)

Taking expectation w.r.t. iy,

L
E[f (wr1)] < ELf ()] = e [V S (i) I” + 5BV fir () ) (k. is independent of the randomness in iy,.)
L L
< E[f ()] = e |V £ @) I* + EERENV F () |P) + S mio? (By the growth condition in Eq. (5))
Nk 1
= E/ ()] = e IVS () I” + 23BNV £ o)) + 5 5pade?

<B{f()] - % 197 @0)I? + g ppofo?

The main part of the proof is to show that ¢ is an upper-bound on f(wy) (upto a factor governed by the noise term N,
depending on ¢?) for all k and is proved in the following lemma.

Lemma 7 For the estimating sequences defined in Appendix E.2 and the updates in Eq. (13)-Eq. (18), for all k,
E[¢r] := Elinf ¢x (w)] > E[f (wk)] - N

. 202 k-1 92 k—1 )
where Ny == 2375570 o 155 (1 — o).

Proof We will prove the lemma by induction. For k& = 0, we define ¢, = f(wo), and since Ny, > 0 for all k, E[¢*] > f(wo)—No,
thus satisfying the base-case for the induction. For the induction, we will use the fact that N1 = (1 — 7)) Ny + z%za,i.

Assuming the induction hypothesis, E[¢;] > E[f(wy)] — N, we use Eq. (22) to prove the statement for £ + 1 as follows.
Taking expectations w.r.t to the randomness in j = 1 to k,

Bidhoal = (1= )i + i | £ — 5 197 + L0 (8 a4 (97— )]
> (1= r)E[f (wy) = Ni] + 14 [f(ym = o I+ S (R g a4 (V)2 yk>)]

(by the induction hypothesis)
2

= (1 )L ()] + o B ()] — 5 B9 F)? + P g (B2 4 (9 (), 2 - )
dk+1 Ak+1

— (1 — rg)Ng

= (1= r)ELf (we)] + reElf ()] = TE VS o)l

1
+ ME (H llys — Zk||2 + (V[ (yr), 25 — yk>) — (1 = rp)Nj, (Using Eq. (17))
dk+1 2
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By convexity, f(wy) > f(yx) + (Vf(yr), wk — Y)»

> (1= m)BLF(ue) + (VS () e — )] + ToBLF ()] — SE [V F ()

N re(1 —1y) g

Tt (g g = z&ll* + (V f (yn), 26 — yk>) — (1= 7))\

— B 1) - B IV A0 + T (gl (9 ) - )

+ (1 = 1) ELV f(yr), we — yr)] — (1 — r) N,

By Lemma 6,

1 Tk 1-— Tk)qk
>E [f(Wk—f—l) — 2p2LOé%O’2:| + re(L=Tk) ar _— ) E

+ (1= 1) ELV f(yr), we — yr)] — (1 — r3) N,

= B[] + B g (K (9 ). 2 ) + (L BV S (), i )
qk+1

1
— |:(1 — Tk)Nk + 2/)21_/04%02}

(% e — 261> + (V£ (k) 26 — yk>)

Since Njy1 = [(1 — 1) Nk + %%La,i(ﬂ],

(1 —Tk)QkE

E[¢ri1] = Elf(wkt1)] = Neg1 + (1 = ri) E[(V f (yr) wi — yx)] +
qk+1

(g Hyk - ,Zk||2 + <Vf(yk)v Rk — yk>>

Now we show that the remaining terms (1 —ri)E [(V f(yx), wp — yx) + % (% Yk — zkH2 + (Vf(yg), 2k — y;ﬁ)} > 0. For
this, we use Eq. (13)

e = wp — a7k (wy — 22)
qk + TE

qxkTk qxkTk
= 25— Yp = 2k — W + wk—zk:<1—> 2 — W
qk+7’ku( ) qQx + Tr ( )

qe(1 —ry) +7"kM> < Q1 >

= 2p—wg) = | ———— ) (2 — wp (By Eq. (16))
( qx + Trp ( ) e ey ( )

= V)2~ ) = <Vf<yk>, (—qqu';u) (wi zk>> — (V). v — i)
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Using this relation to simplify,

(1= B (7). = )+ 222 (4 = sl 49 £ 22— )

—(1-rE [’“ B~z + (L ) [V F )y wn — )+ (V). v — wm]
Qk+1 2

—(1—71)E [;’zf’fg [ zkﬂ >0 (Since 1, < 1.)

Putting everything together,

E[¢Z+1] > E [f(wk+1)] - Nk+1

and we conclude that E[¢;] > E [f(wy)] — N for all k by induction. [ |

We now use the above lemma to prove the rate for strongly-convex functions.

Theorem 1 Assuming (i) convexity and L;-smoothness of each f;, (ii) p strong-convexity of f and (iii) the

1/T
growth condition in Eq. (5), ASGD (Egs. (3) and (4)) with wg = yo, 7z = p%’ a = (%) ,ap = oF,

5\ k/2T
rE = pLL (T) and by computed as:

1—rp_ _
bk:( Tk 12)7’k 104, (6)
Tk +TE_

has the following convergence rate:

T o' o, 80”car (In(7/p))?
_\/H—pln(T/ﬁ)> [f(w())_f ]+ pL€42 2T

E[f(wr) — f*] < 2c3exp <

L o 1 243 = 1 28
where Kk = i C3 = €xp (WW) and ¢y = exp (‘)‘7\/pTi W>

Proof Using the reformulation in Lemma 5 gives us ¢ = p for all k and z9 = wy. For the estimating sequences defined
in Appendix E.2, using Lemma 7, we know that the (reformulated) updates satisfy the following relation,

E[f(wr)] < E[¢p7] + N1 < E[opr(w™)] + Nt

From Eq. (21), we know that for all w and &,

dr(w) < (1= M) f(w) + Apo(w)
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Using these relations,

E[f(wr)]
= E[f(wr) — f7]

< (1= Ap)f* + Ardo(w*) + N
< Ar[go(w*) — [T+ Nt
By Eq. (20),
M [+ 2wt — 2ol = 1] + N
Choosing ¢§ = f(wo),
< r [f(wo) = f* + B llw = z0l*] + Ny

Since zg = wy, qo = U,

952 T=1 T-1
— Elf(wr) - 1< A [flw) = £+ 5 o — ol + 2302 TT (1-m

o
~
<.
+
—

Using the fact that A\g = 1 and A\; 1 = (1 — 7)Ag, we know that that Ay = H£:1(1 — 1), and

T

O’2 d
E[f(wr) - [*] < [H(l - m)] [Fwo) = £+ Sl —wol?] + ;L >_of I] a=r.

k=1

Now our task is to upper-bound bound the 1 — r; terms. From Eq. (17), we know that

Tk = \VAk+1Mk = %7}21\/0% > 1/%7210% (Since o, < 1 for all k)
P P
— (1 — Tk) (1 — quO%)
pL

Since ¢, = p for all k, putting everything together,

E[f(wr) — ] < [ﬁ (1- \/pTak)] () — £+ 2w — o] + /?‘;Ta TH (1- \/pTa)

k=1

Denoting Ay, = E[f(wy,) — f*], and using the exponential step-size ay, = o/ = (& )k/ T
AT<26Xp< 1/ Za>A0+ Za exp( \/— >
z k+1
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Using Lemma 8, we can bound the first term as

() o= (o)

T o
=2c3exp | ——— wp) — f*
o (= sy ) U =
where c3 = exp (ﬁ) We can now bound the second term by a proof similar to Lemma 9. Indeed we have

T—1 T—1 T—1
2% < /1 i)_ 2%k ( /104k+1—04T>
E a™exp| — E o | = a” exp | —
PK P 11—«
k=0 i=k+1 k=0
ol \ = . 1 ak+!
) o?* exp (_ E )
: prl —a

1
=exp | —
P prl —a
=0
T T-1 N —\ 2
< exp (1 1a ) o (W) (Lemma 15)
VoEl—a) &~ eq
1 af \ 4
= exp a pr T —a)?
VPRl —a ) e2a?
1 af 4pK 9
< TIn(1
=P <\/p7;1 - a) e2a? n('/e)
e 1 ol \ 4pkIn(7/p)?
P JVorEl—« e2aT

Finally,

1 aT 1 oI+
P <\/p?1 —a> - (a\/pWI —a)
< exp (25 >
=P\ ayam (7))

where the inequality comes from the bound in Eq. (24) in the proof of Lemma 8. Putting everything together we obtain

. T « o, 80%cyrIn(T/s)?
where ¢4 = exp (WEI(T/B))' |

E.4. Lemmas for acceleration proofs
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Lemma 8
T 25
A= at > 2 —
29" G T ()
Proof
iat— a—altl o« - oT+1
 l-a  l1-a 1l-a
t=1
We have
QT+1 a8 1 - s 2 B 2 2 (24)
l-a T(A-a) T Ya=1"T In(Ya) T Lin(T/s) In(T/s)
where in the inequality we used Lemma 14 and the fact that 1/o > 1. Plugging back into A we get,
As> > 26
“1—a In(7/p)
Q 20
> — 1—z<In#
% (/) W(1/3) (d-oshich
o aT 273

"~ In(T/s)  In(T/s)

s\ VT
Lemma9 Fora = <T> and any k > 0,

T T
o2k ex 1 o <4“202(1H(T/5))2

e2a?T
i=k+

where cy = exp (% ln%f/ﬁ)

Proof First observe that,

Z i ot — o T+
. 11—«
1=t+1
We have
oMt ep B 1 B2 B 2 28
l—-a TA-a) T Ya—1"T In(Ya) T 7 In(7/p) ~ In(7/8)
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where in the inequality we used 14 and the fact that 1/a > 1. These relations imply that,

T
Z ai S atJrl 26

_a In(T
) l—a In(7/p)
T
1 , 1okt 1 28 1 aFft
e [ g < _— — — —_—
exp( m;la)‘e’(p( m—a%m@/ﬂ)) Czex‘”( m—a>

‘We then have

T T T
Za% exp —l Z ol < CQZQ% exp —l o
k=1 M 1 B

kl—«
1=t+ k=1

2(1 — )k >
2k
<e) a <eak+1>

< agz [(n(1/a))”

_ 4K2co (ln(T/ﬁ))2
e2a2T

33
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Appendix F. Upper-bound Proofs for Appendix B
F.1. Proof of Theorem 2

Theorem 2 Assuming (i) convexity and L;-smoothness of each f;, (ii) u strong-convexity of f, SGD (Eq. (2))

1T
with v, = % o= (%) , Q= ok, has the following convergence rate,

T « 8c2cak? (In(7/p))?
HIH(T/B)>+ Le? a?T

E flwrsr — w| < Jun — w2 exp (—

where k = % and cy = exp (l . %)

K

Proof

MV fir(wi) — w*|?
w*|” = 20V fir (wi), wi — w*) + 07 |V fir(w)]®
= Jlwr — w*||* = 2yer(V fir(wi), wi — w*) + 7o} |V fir(we) ||
w1 — w*]|* < Jwp — w*]|* = 2ykar(V fie(wi), wp — w*) + 202 2L[ fir (wi) — f1] (Smoothness)
2 o Uielwn) — fisw)] + 20F [fae(w”) — 3]
(Since v, = 1/L.)

g1 — w[|* = ||

= [Jw

* 2 *
= |lwg — w*||* - Eak<vfik(wk)7wk —w*) +

Taking expectation w.r.t i,

E w1 — w*)|? < B [Jwe — w”|® - 7oV f(wg), wp —w") + Z@% [f(wg) — f(w")] + 50%02
2 2 2 .
< E||wp — w*|]* — Ecm(Vf(wk), w —w*) + T Ok [f(wg) — f(w™)] + Zoz%o'2 (Since o, < 1)
2
E ||wpy1 — w*|)* < (1 - %) E |lwy — w*||* + ZO‘%U2 (By p-strong convexity of f)

Unrolling the recursion starting from w; and using the exponential step-sizes,

B fwrss — 0l < — 2[[(1—“0‘) Z[Ha (1- )

k=1 Li=k+1

Writing Ay, = E [|Jwy, — w*||?

T T T

202 ,

ATHSAleXp(—ZE Ozk)—I—Zg a%exp(—z g al>
k=1 k=1 i—

——
=A =By
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ol 28

Using Lemma 8 to lower-bound A, we obtain A > W(1/3) ~ T(1/3)" The first term in the above expression can then be bounded

as,

" - T «
Al exXp <_ZA> = Al Co €XD <_K1n(T//B)) y

where kK = % and co = exp (% lnff/ B ) Using Lemma 9 to upper-bound B;, we obtain B; <

4k%ca(In(T/p))>2

2oz > thus bounding the

second term. Putting everything together,

T « 8c2cak? (In(T/p))?
Ary1 < Arcgexp <_/<cln(T/,B)> T2 2T

F.2. Proof of Theorem 3

Theorem 3 Assuming (i) convexity and L;-smoothness of each f;, (ii) u strong-convexity of f, SGD (Eq. (2))
/T
with o = (%) , o, = o and i, as the largest step-size that satisfies Vi, < Ymax and Eq. (7) with ¢ = 1/2,

has the following convergence rate,

. ) 80261(5,)2%11&0( (ln(T/ﬁ))2
x" In(T/s) e? a?T

202¢1k In(T L
n g C1K Il( /B) <Vmax—min {'YmaX7}>

ex L

Ellwrsr — | < s —w*?ex exp (—

- L 1 12
with k' = max {ﬁ, o } c1 = exp (? . m(%)

Proof

2

st — 0¥ < flwy — w* |2 = 2yp0p(V Fix (), w — ") + ypa [

f”‘f(W)_;ﬂ} (By Lemma 11)

C

Setting ¢ = 1/2,

= [lwi — w*||* = 2k (V fir(wi), w — w*) + 2ypad [fir(wi) — i)
= [lwr — w*||* = 2k (V fir(wr), wr — w*) + 2ypai [fi(wr) — fie(W*)] + 20 [fix(w*) — fii]
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Adding, subtracting 2y o[ fir (wi) — fir(w™*)],
= Jlwr — w*||* + 2ypon [~ (V fir(we), wr — w*) + [fi(we) = fir(w)]] = 2yan[fi(we) — fir(w®)]
+ 2yk0f [fie(wi) — fie(w*)] + 2v0f [fir (w*) — £
< Jlwi = w*l|* + 2vminck [—(V fir(wi), wi — w*) + [fir(w) — Fix(w)]] = 2y (ar — o) [ fir(wi) — fir(w*
+ 29maxaj, [fir(w*) = fi]

where we used convexity of f; to ensure that —(V fir(wg ), wx — w*) + [fir(wr) — fir(w*)] < 0. Taking expectation,

E [[wip1 — 0| < Jwp — w*||* + 2yminck [—(Vf (wi), we — w*) + [f(wr) — f(w*)]] = (ox — 03B 29[ fir(wi) — fir(w"
+ 27maxa,%(72

E [[wy, — w* | < (1 = apymintt) g — w*||* = (e — oF)E [2ye[fin (wr) — fir(w*)]] + 27maxaio”

Ik
[yl fik = fir(w)]]

Since o, < 1, and o, — a% > 0, let us analyze —E[[vg[fir(wr) — fir(w™)
[

—Elvelfir(wr) = fir(w)]] = =Ellw[fir(we) = fil] — E

I
< E[hmm [fzk(wk) f* H E[['Ymax[f fzk(w*)]] ('Vk < ’7max)
= E[[’}/mln [fzk(wk) f* H + ’Ymaxa
~E[[yminlfit (wr) — fir(w")]] = Ellymin[fie(w”) = fi]] + Ymaxo™®

_'len[f(wk) f(w*)] - ')/mina' + '}/maxo'2

(r)/max - ’Ymin)0'2

IN

Putting this relation back,
E lwg — w*|* < (1 = arymingt) [lwg — w*[|* + 2(ar, = aF) (Ymax — Ymin)0” + 2max o
> (1 - CVlc")/min:u) Hwk —w H + QOCk (’Ymax - ’Ymin)UQ + 27maxaza2~

Setting £’ = max{% =) /wma } we get that 1 — apYminpt < 1 — 2. Writing Ay, = E [Jwy, — w *||* and unrolling the recursion we
get
T 1 T T 1 T T 1
AT+1 < <H <1 - H/Olk>> Aq + 2’7maxd2 ZOZQIC H <1 - K/OZZ> + 202 Zak('Ymax - 'Vmin) ' H (1 - K,Oéz>
k=1 k=1 i=t+1 k=1 i=k+1
1 X T 1 I
< Alexp<— /Zak> +2’ymaxa22a2kexp <— - Z oﬁ)
- k=1 " ik
——
=A ::Bt
T 1 I
2 k ‘
+20 (Vmax_’)/min)za exp(—ﬁ,'z O/)
k=1 i=k+1
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Using Lemma 8 to lower-bound A, we obtain A > % — ln(%fﬁ/ L The first term in the above expression can then be bounded

as,
1 T «
A1 exp <—K/A) < Ajciexp <_/<:’ln(T/ﬁ)> ,

1

H/

A(k)2c1 (In(7/8))*

22T , thus bounding the second

%). Using Lemma 9 to upper-bound B¢, we obtain B; <
< In(T/5)

(a2

where ¢; = exp (

term. Using Lemma 10 to upper-bound C, we obtain C; < ¢ , thus bounding the third term. Putting everything

together,

« ) + 80’201 (/1/)27max (IH(T/B>)2 + 2610—2"{‘/ IH(T/ﬁ) (’Ymax 1>

T
Ary1 < Apcrexp (— 2 2T oot -

%' In(T/5) L
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F.3. Proof of Theorem 5

Theorem 5 Assuming (i) convexity and L;-smoothness of each f;, (ii) u strong-convexity of f, SGD (Egq. (2))

1T
with o = (%) ,ap = af and v, = 7 for v > 0 has the following convergence rate,

|2 |2 vT « 82 v 23 4x* In(T'/B)?
lwrir = w[* < flwr = w*|* ez exp <_/£ln( T/ )> for™ <1H(T/ﬁ)> e*a?
N I R I T N R
+ max  {f(w;) — I X exXp (mln(T/B)> vela? T ’

J€ [T [11::((;;]5 ]

where Kk = %, cy = exp (H 1n(2Tﬁ/5)> and [x]4+ = max{z,0}.

Proof Following the steps from the proof of Theorem 2,
lwn1 = wl|* < Jlwg = w||* = 2ypn(V fir(wr), wi = w*) + 2030, [fir(wr) = fir(w")] + 207 e, [fis (w?) = fi]
Taking expectation wrt i, and since both ~y;, and oy, are independent of i,
E wir — w*)|* < [lwk — w*[|* = 290 (V f (wi), wi — w*) + 2Ly30q [f (we) — ]+ 207703 o7
E g — w2 < (1 - pyean) fwp — w* + 20703 o® + [f(wy) — f7] (2LRa} — 2yar)  (By strong convexity)

Since y, = 7 for some v > 1, we require oy, < % for the last term to be negative. By definition of ay, this will happen after

E>ky:=T h(l;l;;) iterations. However, until ky iterations, we observe that (2LvyZai — 2ygay) < %L_l)a%, meaning that for

k < ko,

2v(r—1
E ke — ' < (1= pwan) e — 0| + 2Lnfad o + max () - 7} 2= Ha
Writing A, = E |Jwy, — w*||%, and unrolling the recursion for the first ko iterations we get
ko—1 w ko—1  ko—1
Agy < Ay k]'[l (1— foz,f) + 2LL20 +j12ﬁ3<]{f(wj) -l Z ol I;L (1— —a,
= = %

Vv
1=cs

Bounding the first term similar to Lemma 8,

ho 1 ny pv o — ako
[T0-Fow <o (7 5)
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Bounding the second term similar to Lemma 9,

vako ko—1 ) vak+1
- (m - a)) £ OREP (‘m - a))
ko ko—1 2
va 5 (2(1 —a)k
= &P </§(1 — a)> ; Yk < veak+l
ko 2,2
va 41— a)’k
< k
= &P </<;(1 — a)) V2202 0
< vako 4k%  koln(T/B)?
ex
= &P k(1 —a) ) v2e2a? T2

Putting everything together, we obtain,

ny o — ao

Ako S Al exXp <_L1—a> + ¢ exp <,‘Q

vako 4k2  koIn(T/B)?
(1—a)) v2e2a? T2

Now let us consider the regime k > kg where a, < %, so that we have

- Lo 20207
Eflwesr — wl|” < (1 = pywene) [Jwp — w™||" + ——a
Writing A, = E |Jwy, — w*||?, and unrolling the recursion from k = ko to T,
T JnZ 2202 & T In%
2
Aryr < Ay, H(l—f@k)—i‘ 7 Zak‘H (1_f05i)
k=ko k=ko  i=k+1

Bounding the first term similar to Lemma 8,

T T _ ko _ ,T+1
H(l—%ak)ﬁexp M > o ZeXP< s — >
k=kq k=ko
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Bounding the second term similar to Lemma 9,

T T T
v [

> ot T 0oy < Y ot (-1 3 o
k=ko  i=k+1 k=ko i=k+1

) ( v aftl aT+1>

k=ko @
T+1 T k+1
= exp e Z aZexp | —
k(1 —a) k(1 — )

v2e2a? T2
Putting everything together,

ko T+1
—uv ok — o
ATJrlSAkoeXp(g T a )+

2252 <mT+1> 4k? (T — ko + 1) In(T/B)?
) 2

Combining the above bounds, we get,

_ ko _ ,T+1 ko ko 42k]T 9
Ariq Sexp< e @ ><A1exp< pra—t >+05exp<lfga ) K”_koln( /5))

L -« L 1- —a) ) v?ela? T2
2c%0? val+t 4k (T — ko + 1) ln(T/B)2
Iz P <f€(1 — a)) v2e?a?
T+1 oI+l 2
_A1exp< guialix > +C5exp<L 1— o y2;a2 koln(T;/ﬁ)
N 2v%02 < val*! ) 4k% (T — ko + 1 YIn(T/B
L k(1 —a) ) v?e?a?

Using Lemma 8 to bound the first term

vT « pv o+t 4k%  koln(T/B)?
Aryp <A e —
T+l =510 exp( K ln(T/ﬁ)) + 5 exp ( L1- v2e?a? T2
21202 r 4k* (T — ko + 1) In(T/B)?
+ Vaexp - 222( 0+2)n( /2
L K(l—a)) v?ela T

40
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where kK = ﬁ and ¢ = exp (% ln(2Tf3/6)>'

For blounding the second and third terms, note that % < %, and kg =T %. Using these relations and the fact that
a<l,

vT « v 28 42 In(v)In(T/B)
Ari1 < Ajcgexp (_ﬁln(T/ﬂ)> + ¢5 exp <,{1H(T/5)> 1v2e202 T
20202 v 23 45% (T — ko + 1) In(T/B)?
L (/ﬁln(T/ﬁ)> v2e2a? T2

Putting in the value of c5 and rearranging, we get
vT « N 20202 v 20 4x21In(T/B)*
il exp | =

k In(T/s) LT kIn(T/p) v2e’a?

D] (v 25 4 ) (/)
[t = Y e (D )

+

A7y < Ajcgexp <—
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F.4. Proof of Theorem 7

Theorem 7 Assuming (i) convexity and (ii) L;-smoothness of each f;, SGD with step-size n, = i oy has the
following convergence rate,

_ # 2L |Jwy — W*||2 22;: 10%
E — <————+o0 10
[f(wrs1) — f(w™)] < S ST o (10)

k/T
where W41 = ZZ’“: L2 For ay, = {%] , the convergence rate is given by,
k=1 %k

Lln — w*|?
Blf(ora) — f(w)] < 2 =0 oo T

Proof Following the proof of Theorem 2,
lwirr — w*[|* < g — w*)|? = 2k (V fix(wi), wy, — w*) + 2Ly [fir(wr) — fi(w®)]
2 *
+ Z'yiai [fir(wr) — fik]

a2 2

w1 — w*]|? < JJwy, — w*|)* — %(vfik(wk)awk —w") + Y B fis(wg) — fi(w*)] + Y B fis(wg) — £3]
(v = ﬁ for all k.)

2 2
< wg — w*|? — %[fik(wk) — fi(w™)] + % [fir(wr) — fin(w®)] + % [fir(wr) — fik]

(By convexity)
Taking expectation,
2 2
E s — I < k= w2 = SEL7 () = F")] + SE [F(wi) - ()] + SEo?
2
. Q@ N o . #
< flun = w2 = SEF(wy) = fw)] + SEo? (Since f(wy) — f(w*) = Oand g < 1)

Rearranging and summing from k = 1to T,

T T
> anlf(wr) = f(w")] < 2L [lwy — w*|* + 0% o}
k=1

k=1

T
1 1 — _ Qpw
By averaging and using Jensen. Denote wy1 = %
1

_ X 2L |lwy — w*? 2D hey OF
E - < +o
[f(wry1) — f(w®)] < Zk o Zk o
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k/T
} . From Lemma &,

Next, we bound Zzzl oy and Z;;F:l ai for the exponentially-decreasing oy, sequence, when o = [%
we know that,

4 aT 203
2% 2 s~ (e

T 2 T 2k 1T
Bounding the ratio 2==1%% — 219" where o — [é] ,
. ST o S oF T
Zle a2k a? 11—«
ST ok T 1-a? a—al™
« 1 1 T

< =
l+al—-af —1-aT T-p

Putting everything together,

2L In(T — w*|? T
Blf(wrs) - fuw)] < RO 2 T

F.5. Additional lemmas for upper-bound proofs

s\ /T
Lemma 10 For a = (T) and any k > 0,

d 1 — kIn(T/B)
k i
kgloz exp (_/{ ‘ E 1(1 ) < cheoz

i=k+

forea = exp (L)

Proof Proceeding in the same way as Lemma 9, we obtain the following inequality,

T T T k+1
1 ; 1«
k i k
a’e —= < —=
Z Xp( K‘Za>—622a exp< ,11_0[>
k=1 i=k+1 k=1
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Further bounding this term,

- k RS il < ¢ p(1L—a)k L 15
ZC( exXp —H‘Zla _CQZCV W ( cmma )
i=

k=1

kIn(T/B)
Cc2

ex

Lemma 11 [If f; is L;-smooth, stochastic lines-searches ensures that

2(1—-r¢)

1 N .
7‘|vfz(w)H2 < E(fz(w)_fz )7 and min {’VmaXaL} < < Ymax-

Moreover, if f; is a one-dimensional quadratic,

) { 2(1—0)}
= min { Ymax, ———
Y Yma: L,

Proof Recall that if f; is L;-smooth, then for an arbitrary direction d,
Li .o
filw = d) < fi(w) = (V fi(w),d) + 5 [d]” .

For the stochastic line-search, d = vV f;(w). The smoothness and the line-search condition are then

2
Line-search: f;(w — vV fi(w)) — fi(w) < —cy ||V fi(w)|?.

Smoothness: f;(w — 7V fi(w)) — fi(w) < (%? - 7) 19 £uw)] 2,

The line-search condition is looser than smoothness if
(597 = 2) IV 5:()|> <~ [V i) 2.

The inequality is satisfied for any v € [a,b], where a,b are values of + that satisfy the equation with equality, a = 0,b =
2(1—c)/L;, and the line-search condition holds for v < 2(1—¢)/r,. As the line-search selects the largest feasible step-size, v >
2(1-c)/L,. If the step-size is capped at Ymax, We have 7 > min{ymax, 2(1—-¢)/L; }, and the proof for the stochastic line-search is
complete.
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From the previous discussion, observe that if v > @ then we have

(572 =) IV ()2 > —ey [V i) 2.

If f is a one-dimensional quadratic, the smoothness inequality is actually an equality, and thus

Filw — AV fiw)) — filw) = (%2 - 7) I fiw) 2

2
: 2(1—c)
Soif vy > Tc,

filw =V fi(w)) = fiw) = —ey |V fi(w)|*

and the line-search condition does not hold. This implies that for one-dimensional quadratics v = min{~yyax, 2(277)}
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Appendix G. Lower-bound proofs for Appendix B
G.1. Proof of Theorem 4

Theorem 4 When using T iterations of SGD to minimize the sum f(w) = M of two one-dimensional

quadratics, fi(w) = $(w — 1)? and fo(w) = & (2w + 1/2)?, setting the step-size using SLS with ymax > 1 and

¢ > 1/2, any convergent sequence of a, results in convergence to a neighbourhood of the solution. Specifically,
if w* is the minimizer of f and wy > 0, then,

3
E(wp — w*) > min (wl, 8) .

Proof For SLS with a general ¢ > 1/2 on quadratics, we know that v, = @ (see Lemma 11 for a formal proof). Recall that
‘K
we consider two one-dimensional quadratics f;(w) = %(wacZ — ;)2 fori € {1,2} suchthatx) = 1,y = 1, 290 = 2, yo = — 1.

2
Specifically,

fi(w) = s(w-1)2 = L =1

2
1 1,
fg(w) = 5(21114— 5) = Lo=4
1 1 1 5 1 1
f(w) 4(w ) +4(w—|—2) ks —|—4+16:>w 0
Ifi, =1,
w1 = wi — ax2(1 — ¢)(wg, — 1) = 2(1 — c)ag, + (1 — 2(1 — ¢)ag)wy,
If i), = 2,
2 1 1
Wiy = w — 2(1 — c)osz(ka + 5) =(1-2(1 - c)ag)w, — 12(1 —c)ag
Then

1 1 3
Ewgy1 = (1 —2(1 — ¢)ag)wy + 52(1 —c)ay — §2(1 —c)ag = (1 —-2(1 — ¢)ag)wg + §2(1 —c)ag

and
T 3 T T
Ewr = E(wr — w*) = (wy — w”) [J(1 = 2(1 = c)ay) + < d 20 -0ap [ (1-2(1 - 0)ai)
k=1 k=1 i=k+1
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Using Lemma 16 and the fact that 2(1 — ¢)ay, < 1 for all k, we have that if w; — w* = w; > 0,

3
E(wp — w*) > min <w1, 8>
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G.2. Proof of Theorem 6

Theorem 6 When using gradient descent to minimize a one-dimensional quadratic function f(w) = %(xw —

1T
y)2, with o = (%) , ap = oF and v, = 7 forv > 3 we have

k

W1 —w* = (w — w") H(l —vay).
i=1

After k' .= % In (%) iterations, we have that

wyr 1 — w*| > 2¥ Jwy — w*].

Proof One has w* = % and L = x2. Therefore

Wiyl — W' = wg, — W' — apmx (zw — y)
. v, N v
=w, —w" — ap—Lwy, + ap—x

= wp —w* — agrwg + appw* = (1 — vag) (wg, — w*)

Iterating gives the first part of the result. Now, for k < &k, we have
A (Inv—In 3)
, T nu—ln I (1/8) 3
1—va* <1-va <1—pamam =3 :1—y<§,) :1—u<> = -2
v

and thus

k/
w1 — w*| =[wy — w*| [ = vow| >wr — w*[2¥
i=1

G.3. Lemmas for convex setting

Lemma 12 The polynomial stepsize defined as oy = (1/k)° for some 0 < § < 1 cannot satisfy Z;{:l ap > C1T and
Ztkrzl a% < Co\/T for positive constants Cy and Co.
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Proof If § = 0, ay, = 1 for all k, and then Y7 _, a3 = T.1f § = 1, then >_;_, ay, = O(In 7).
If 0 < § < 1, basic calculus shows that

k=1
and thus
L((T—I—l)l_é—l) <ZT:1 < 1+L(T1—é_1>
1-— - ko — 1-9
k=1
which shows that 3"7_, aj = ©(T'~?), and thus we cannot have >"1_, oy > C, T for all T. |

Lemma 13 The exponential stepsize defined as a, = o for some o < 1 cannot satisfy Z;‘::l ap > C1T and Zle a% <
CoV/'T for positive constants Cy and Co.

Proof Suppose by contradiction that the exponential stepsize satisfies the two conditions. Then

T T 2T T 2T 1 I
s ﬁTzZai:Za%: ak_za%—lzzak_iza%
(6%
k=1 k=1 k=1 k=1 k=1 k=1

By assumption, Zizl aF > C12T and Zle a?k < O9v/T. Therefore

2T 1 T 1
Zak - — Za% > 20T — —CoVT
k=1 @ k=1 @

But then we obtain
1
CQ\/T > 2C4T — *CQ\/T
«

which is a contradiction by taking 7' to infinity. |

Appendix H. Helper Lemmas

Lemma 14 Forall x > 1,
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Proof For x > 1, we have

1 < 2
x—1 7 In(x)

< In(x) < 2z —2

Define f(z) = 22 — 2 — In(x). We have f’(z) = 2 — L. Thus for > 1, we have f’(z) > 0 so f is increasing on [1, c0).
Moreover we have f(1) =2 — 2 — In(1) = 0 which shows that f(z) > 0 for all z > 1 and ends the proof. [

Lemma 15 Forall x,v > 0,

exp(—a) < ()]

Proof Let 2 > 0. Define f(v) = ()7 — exp(—x). We have

f(y) = exp (yIn(y) — vIn(ex)) — exp(—z)
and
fin) = (”y : i +1n(y) - 111(6»’6)) exp (yIn(y) — v In(ez))
Thus
f'(7) >0 < 1+1In(y) —In(ez) >0 < v >exp(ln(ex) — 1) ==

So f is decreasing on (0, z] and increasing on [z, c0). Moreover,

1) = (Z) —expl-a) = (1) —expl-a) =0

exr

and thus f() > 0 for all ¥ > 0 which proves the lemma. |

Lemma 16 For any sequence oy

T

T T
[Ta—a)+> ar [ G- =1
k=1 ]

Proof We show this by induction on 7". For T' = 1,
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Induction step:

T+1 T+1
Hl—ak —i—ZakH 1—0@)
k=1 i=k+1

= (1 —ar41)

T T
= (1— ary) H(l—ozk)—i-ZozkAH (1— )

T T T-‘rl
Z(l—OJT_:,_l)H(l—Oék)—i- <O¢T+1+Zak 1—a2>

k=1 k=1 i=k+1

T

S

T
Qo H 1—%)
1

(1—ag)+ | ary1 + (1 —aryr)
k i=k+1

+arm

(Induction hypothesis)

=(1—-ary1) +arp =1
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