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Abstract

We consider the problem of optimizing the strongly convex sum of a finite num-
ber of convex functions. Standard algorithms for solving this problem in the class
of incremental/stochastic methods have at most a linear convergence rate. We
propose a new incremental method whose convergence rate is superlinear—the
Newton-type incremental method (NIM). The idea of the method is to introduce
an overall quadratic model of the objective with the same sum-of-functions struc-
ture and further update a single component per iteration. We prove that NIM has
a superlinear local convergence rate and linear global convergence rate. Experi-
ments show that the method is very effective for problems with a large number of
functions and a small number of variables.

1 Introduction

In this paper we consider the following strongly convex unconstrained optimization problem:
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where f; : R = R, 4 = 1,...,n, are twice continuously differentiable convex functions and

w > 0. A typical example of such a problem is ¢s-regularized empirical risk minimization for
training a machine learning algorithm. In this case the variables x are the parameters of the model
and the value f;(x) measures the error of the model on the ith training sample. Since the objective
f is strongly convex, it has the unique minimizer which we denote by z*.

Context. We consider the case when the number of functions n may be very large. In this situation
for minimizing f it is convenient to use incremental optimization methods [[1]] since the complexity
of their iteration does not depend on n. Unlike classic optimization methods which operate on all the
n functions at every iteration, incremental methods operate only on a single component f; at every
iteration. If each incremental iteration tends to make reasonable progress in some “average” sense,
then an incremental method may significantly outperform its non-incremental counterpart [[1].

Contributions. In this work we propose a new incremental optimization method that has a fast
superlinear local convergence rate—the Newton-type incremental method (NIM). To the best of our
knowledge, this is the first method in the class of incremental methods whose convergence rate is
superlinear. We provide a theoretical analysis of the convergence of NIM (both local and global)
and show in particular that NIM accelerates to a quadratic rate w.r.t. epochs.
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and A2.



Related work. Our work is related to the literature on incremental optimization methods. Incre-
mental optimization methods are an actively developing research area [3, 13, [15]. They all can be
divided into two groups depending on their convergence rate.

The first group contains the stochastic gradient method (SGD) and other methods with iterations of
the form, x;4+1 = x) — a B (V fi, (xx) + pxy), where By, is some scaling matrix. For instance, in
SGD By is just the identity matrix; in the o BFGS and oLBFGS methods [[15], the matrix By, is set
to a quasi-Newton estimate of the inverse Hessian which is calculated according to the BFGS and
L-BFGS formulas; in the SGD-QN method [3]] the matrix By, is a diagonal matrix whose entries are
estimated from the secant equation; the SQN method [5] is an advanced version of oLBFGS; instead
of estimating the gradient difference V f (x54+1) — V f(x) by subtracting two stochastic gradients,
SQN estimates it by multiplying a stochastic Hessian by the deterministic difference zy41 — .
Compared to SGD, all these methods may have better practical performance. However, none of them
qualitatively improves on the convergence rate—any method from this group has a slow sublinear
rate, including the method with By, = V2 f(x;)~! [4].

The second group contains methods such as SAG [14]], IAG [2], SVRG [[11], FINITO [8], SAGA [7I,
MISO [13] etc. The common property of these methods is that they use such estimates of the
objective gradient V f(x)) whose error tends to zero as the iterate xy, approaches the optimum x*.
As aresult, these methods may converge with constant step size, and their convergence rate is linear.

Recently Gurbuzbalaban et al. have proposed the incremental Newton (IN) method [10]. Despite a
similar name, the IN method is quite different to NIM. The IN method belongs to the first group of
incremental methods with By, equal to a partial sum of V2 f;, and its convergence rate is sublinear.

The most closely-related method to NIM is SFO [16]. This method also uses a second-order model
for each function f;, but, instead of the true Hessian \V& fi(vf ), it works with its approximation
obtained with the help of an L-BFGS-like technique. Although no convergence analysis of SFO
is given in [[16], experiments show that its convergence rate is linear. This shows that the Hessian
approximation of SFO is not accurate enough to ensure a superlinear rate.

2 Method NIM

We begin the derivation of NIM by constructing a quadratic model of f at the current iteration k.
First, we form the following convex quadratic model of each f;:
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for some point v}, € R“. Once we have a model of each f;, we can naturally build a model of f:
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Note that the model my, is a strongly convex function and hence has the unique minimizer zy :=
argmin, my(z). By setting the gradient of 1y, to zero, we obtain the following formula for Zj:

T = (Hy, + pI) ™" (ur — gr), )
where we use the notation
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To obtain the new iterate x1, NIM makes a step in the direction of the minimum of the model my:

Tyl = QT + (1 — ozk)xk, 4)
where ay, € (0, 1] is the step size. After the step is done, we update the model m or, equivalently,
the centers v. To keep the iteration complexity low, we update only one component of the full model
at every iteration:

i L Tl+41 if1 = ik,
Uk41 =9,

vy, otherwise,

where 5, € {1,...,n} is the index of the component to update.



3 Convergence analysis

In this section we state the results about local and global convergence rates of NIM. The proof of
these results can be found in the Appendix.

Theorem 1 (local convergence rate). Suppose the Hessians NV f; are Lipschitz-continuous:
Hvzfl(m)_v2fl(y)||2§M||x_y||27 ’L':1,...,’n,,

forall z,y € R Let {x}} be the sequence of iterates generated by NIM with the unit step size
ar = 1 and cyclic order of component selection. If all the model centers are initialized close
enough to the solution x* of (1), ||vy —z*||, < (2u)/(M+/n), i = 1,...,n, then the sequence

{zk} converges to x* at an R-superlinear rate:

=0.

lzr — ™[]y < g and klim Tkl
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More precisely, the convergence rate of {x}} is n-step R-quadratic:

M
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Theorem 2 (global convergence rate). Suppose the gradients V f; are Lipschitz-continuous:
IVfi(z) =V i)lly < Ly llz —ylly,  i=1,...,m,

forall z,y € R Denote the condition number of f as r := (L + u)/p1. Let {xy} be the sequence
of iterates generated by NIM with the cyclic order of component selection and a constant step size
ap = a, where o < & 1= 2k~ 3(1+19k(n—1)) L. Then, for any initialization of the model centers
vé, i =1,...,n, the sequence {xy,} converges to the solution x* of (I) ar an R-linear rate:

lzw = zully < Vi M2 |lzo — 2*y

where ¢ := hY/(+20=1) for b :=1 — 2 Yo + K2(1 4+ 19x(n — 1))

4 Implementation details

Model update. Since we update only one component of the full model at every iteration we need
not compute the sums in (@) every time. Instead, we keep track of the quantities Hy, ug, gi and
update them as follows (here ¢ denotes the index of the selected component at iteration k):

1 , ,
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1 ‘ , o

Up+1 = U + n [v2fi(vllc+l)vllc+1 - szi(”lle)”;c] ) )
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Jk+1 = gk + - [Vfi(v}wrl) - vfz(“llc)} -

In order to do this, we need to store all the centers v}, in memory. Taking into account the cost of
storing Hy, uk, gk, the total storage cost of NIM is O(nd + d2). Note that we do not store the
separate Hessians V2 f;(v?) in memory because it would cost O(nd?). Therefore, to update the
model, we need to compute the selected f; twice—once at the new point v}, 41 = Tk+1 and once at
the previous point v},.

Order of component selection. We have experimented with two standard strategies for choosing
the component 7, to update: 1) cyclic when i, = (k mod n) + 1 and 2) randomized when at every
iteration iy, € {1,...,n} is chosen uniformly at random. In all our experiments we observed that
NIM always converges faster under the cyclic order. This is quite different to incremental gradient
methods for which it is always better to use randomized order both in theory and practice[/1} |6]].

Linear models. In many machine learning problems the functions f; have the following linearly-
parameterized form: f;(z) := ¢;(a, z), where ¢; : R — R is a univariate function and a; € R% is
some known vector. In this case, by exploiting the structure of the functions f;, we can substantially



reduce the iteration complexity and storage cost of NIM. Namely, denoting v} := a;rv,i, we can
rewrite (3) as follows:

1 :
Hy11=Hi + I (07 (V1) — 97 ()] aia; ,
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Note that the update of Hj, is a matrix rank-1 update. Therefore, using the Sherman-Morrison
formula, we can write the update for the inverse matrix By, := (Hy, + pl) ™'

6;€Bkaia:Bk

Biyy = By, — k24 Dk
H b n + 8xa; Bra;

where Jj, := ¢§'(V1ig+1) - ¢2/(V}i)-

Once we have the matrix By, the cost of finding Zj by formula (2)) reduces from O(d?) to O(d?),
so, instead of working with matrices Hy, we can work directly with matrices By. Also, instead of
storing n vectors v;,, now we need to store only n scalars v;,. This reduces the memory requirements

of NIM from O(nd + d?) to O(n + d?).

S Experiments

We compare the empirical performance of NIM with that of several other methods for solving (I))
on the ¢5-regularized logistic regression problem. We use the following methods in our compari-
son: 1) NIM: the proposed method NIM (the version for linear models with the unit step size and
cyclic order of component selection; see Section E[), 2) SGD: the classic stochastic gradient method
(with step size o, = n/(10k)) as a representative of sublinearly convergent incremental methods,
3) SAG: the stochastic average gradient [14]] (the version for linear models with constant step size
a = 1/L, where L is the analytically calculated Lipschitz constant) as a representative of linearly
convergent incremental methods, 4) Newton: the classic Newton method (with the unit step size)
as a non-incremental variant of NIM, 5) L-BFGS: the limited-memory BFGS method [12]] (with the
history of size 10) and 6) HFN: the Hessian-free (inexact) Newton method [9] as the two most pop-
ular variants of the classic Newton method, and 7) SFO: the sum of functions optimizer [[16] (with
default parameters) as the most closely-related algorithm to NIM. All the methods except SFO are
implemented in C++; for SFO we use its public implementation in Python. As training data, we use
the following two data sets from the LIBSVM site that correspond to the cases of moderate and large
n in problem (I): 1) a9a (~32k samples, 123 features), and 2) a binarized mnist8m data selﬂ (~8m
samples and 784 features). We set the regularization coefficient x to 1/n and run all methods from
zo = 0. Figure shows the results of our experiment
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(a) The case of moderate n. (b) The case of large n.

Figure 1: Comparison of NIM with other methods.

'To binarize the original mnist8m data set, we group digits with labels 0, 1, 2, 3, 4 into the first class, and
digits with labels 5, 6, 7, 8, 9 into the second class.

>We use a stairstep plot for non-incremental methods (Newton, L-BFGS and HFN) to highlight that their
iterations are very expensive (require a full pass over the training set) and cannot be interrupted in the middle.

3Since methods L-BFGS and HEN cannot be efficiently applied for large n, they are not shown in Figure
We also do not show SFO in this experiment because its Python implementation is quite slow on large data sets.
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A Local convergence rate: proof
In this section we prove Theorem [T]about the local convergence rate of NIM.
A.1 Outline of the proof

The proof is organized as follows:

1. First, we show that the sequence {||z; — 2*||,} of the residuals of NIM is bounded above
by the following recurrent sequence (Lemma|I)):

M
rk.::m—n(r,%_1+r,%_2+--~+r2_n), kE=nn+1,...,
k= |leg — 2y, k=0,...,n—1.

2. Then we prove that, starting from some moment, the sequence {7} decreases monotoni-
cally (Lemmal3):
Tht1l < Tk, k=2n,2n-+1,....

3. From this it follows that the convergence rate of {r} is n-step quadratic (Lemma@):
M
TR < —Th ., k=3n3n+1,....
2u

4. Then with the help of Lemma and Lemmawe build a majorizing sequence {g; } for the
ratio rg41/7k:
Tk+1
Tk

< qx, k=3n,3n+1,...,

where g, — 0 as k — oo. This estimate proves the superlinear convergence rate:

. Tk+1
lim —&*
k—oo T}

=0.

Lemma 2]is an auxiliary lemma which is used inside the proofs of all the other lemmas. Lemma 3]
is used to prove Lemmad] which in turn is used to prove Lemmal[5] The proof of Theorem [T]itself
is placed at the end of this section.

A.2 Main estimate

The next lemma provides a recurrent estimate for the sequence of residuals 7, := ||z — 2*||,. The
proof of this lemma is almost identical to the proof of the quadratic convergence rate of the classic
Newton method.

Lemma 1 (main estimate). Assume the conditions of theorem[I|hold. Then the sequence of residuals
satisfies the following recurrent inequality:

M . -
Tk<2u7n(ri—l+ri—2++’ri_n)’ k:n’n—‘rl’ (6)

Proof. Let k > n — 1. To simplify formulas, let us introduce the following notation:
1< ,
Ag ==Y Vfi(v} I
BE ; filvp) + 1

Since the step size is unit, o, = 1, then, according to (Ef[) the next iterate xjy1 is exactly the
minimizer of the model my: xx11 = Tj. Using formulas (Z) and (@), we obtain the following
expression for the next iterate:

a1y i1y i
Thy1 = Ay (n Z V2 fi(vi)vi, — n Z sz‘(”k)) :
i=1 i=1



By the first-order optimality condition, 0 = V f(z*) = (1/n) Y. V fi(z*)+ pa*, so we can write
* -1 1 - 2 i\, 1 - i 1 & 2 DY *
Ty — " = Ay - ZV filvp)vy, — - vai(%) - ZV filvp)z™ — px
i=1 i=1 i=1

= A (711 > V2 i) (o), — 27) — % > [Viilvi) - Vfi(x*)]> .
=1

i=1

For the gradient difference we use the Taylor formula:
1
Vfi(vi) = Vfi(z*) = / V2 fi(tvg + (1 = t)x*) (v, — ™) dt.
0
Then
* AzZl Sl 2 i * i *
Tpyl —aF = —— Z [V2fi(vy,) — V2 fi(tvp, + (1 = t)2*)] (v}, — z*)dt.
noimo

Taking the norms and using the Lipschitz condition, we get

- _ M & i )
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i=1

Since all the functions f; are convex, their Hessians V2 fi(v,i) are positive-semidefinite. Therefore,

_ 1
|Akll, > p  and |4 < o (8)
Also, because we use the cyclic order of component selection, we have
- 2
Sk =2ty = 4+ T )
i=1

Plugging (8) and (@) into (7), we obtain the estimate
- M 5 .
Prer < g (e + iy ),
which is the same as (6] to within a shift of indices. O

A.3 Auxiliary lemmas

In the rest of the proof we analyze the following recurrent sequence:
C
T = g(r%71+r,2€72--~+7",%7n), k=n,n+1,..., (10)

where C' := M/(2p) > 0 and ry := ||z — 2*[|,, k= 0,...,n — 1. According to Lemmall] this
sequence is an upper bound for the sequence of residuals: ||z} — 2*||, < 7. Each of the following
lemmas proves one little fact about the sequence {ry}. Almost in every lemma we assume that
the initial elements rg,71,...,7,—1 of {ry} are small enough. This assumption corresponds to
the assumption about locality (i.e. that we initialize the centers in NIM sufficiently close to the
optimum).

Lemma 2 (basic estimate). The sequence {r}} satisfies the following two recurrent inequalities:
2 2
p max{ry_1,7k—2, -, Th—n} < Tk < Cmax{ry_1,75—2,...,Th—n}"

Proof. Follows from the definition and the fact that

max{r,%fl, 7“,%72, ... 77613771} =max{ry_1,7k—2,. .- ,r;g,n}Q. O



Lemma 3 (boundedness). If the initial elements of the sequence {ry} are bounded,

max{rg, 71, ..

1
'7rn—1} S T\/ﬁa

then all the elements of this sequence are bounded:

1
< — k=0,1,2,.... 11
rk_C\/ﬁ’ Oa )&y ( )

Proof. By induction. Assume bound (TI)) is true for all the indices from 0 to k£ — 1 inclusive. Let
us prove that this bound is also true for index k. Using Lemma 2] about the basic estimate and the
induction hypothesis, we get

1 1 1
I S T o M G
et < O = on S O
Lemma 4 (block quadratic convergence). Let the initial elements of the sequence {ry} be bounded:

1
max{ro,m1,...,"n_1} < ——

Nk

Then the sequence of the maximums over successive n elements converges quadratically:

rr < Cmax{rr_1,Tk—2, .. O

2
MAaX{Tk—nt1, Thnt2s -« Tk} < Cmax{re_1,7x—2,.. ,Then}", k=nn+1,.... (12)

Proof. Letus fix a number £ > n. From Lemma about boundedness it follows that

1
maX{Cr,ifl, Cr,%fz, ol Cr,%fn} < 007\/5 Max{Tk—1,Tk—2y- - k—n}

(13)
< max{rg_1,7k—2,-+,"k—n}-
According to Lemma|Z| about the basic estimate,
e < Cmax{ry 1, 5 2, Thon} (14)
Using inequalities (14) and (T3, we obtain
Ter1 < Cmax {rg, rp—_1,... ,rk_n_,_l}Q
< C'max {max {Cr%fl, Cri o, ..., Crzfn} STy ,rk,nH}Q (15)
< Cmax{rg_1,7k—2,. -, rk,n}2 :
Now, combining inequalities (T3), (T4) and (13)), we have
Tito < Cmax {rgi1, ", M1 - - - ,rk,n+2}2
< C'max {max {C’r%_l, RN C’r,%,_n} , max {C’ri_l, e ,C’Ti_n} STl - ,Tk_n+2}2
< Cmax{rg_1,7k—2,. - ,rk,n}z .
Applying the same procedure successively for 73, ..., Tkrn—1, we get (12). O

Lemma 5 (monotonicity). Let the initial elements of the sequence {ry} be bounded:

max{rg,r1,.

b< o

ey o1 < ——.

n—1 C\/ﬁ

Then, starting from k = 2n, the sequence {ry} decreases monotonically:

Tht1 < Tk, k=2n,2n+1,....

Proof. Let us fix a number £ > 2n. Note that by the definition (I0) of the sequence {r}} the
inequality 7,41 < 7 is equivalent to the inequality 7, < 7,_,. Therefore we will prove that



T < Tk—n. Applying Lemma [2] about the basic estimate and Lemma [4] about block quadratic
convergence, we have

T < Cmax{ry_1,7k—2,...,Th—n}>
2
< C(Cmax{ri—n—1,Th—n—2:--->Th—2n}")
= C3 max{rk‘f’nfla Thk—n—2,--- 771]67271}4'

Applying Lemma 2] about the basic estimate, we can write

C
2
Then > . MAX{Tk—p—1, k—n—2,-++>Tk—2n} -

Comparing the right-hand sides of the last two inequalities and using Lemma [3|about boundedness,
we obtain the inequality 7, < 7g_s,. ]

Lemma 6 (n-step quadratic convergence). Let the initial elements of the sequence {ry} be bounded:

{ b o
Max{ro, 71, . s Tn-1f I ——.
0,71 n—1 C\/ﬁ
Then the convergence rate of this sequence is n-step quadratic:
re < COri_,, k=3n,3n+1,.... (16)
Proof. Follows from Lemma 2] about the basic estimate and Lemma 5]about monotonicity. O

Lemma 7 (linear convergence rate). Let the initial elements of the sequence {ry} be bounded:
1
max{ro,m1,...,"n—1} < Tﬁ

Then the convergence rate of this sequence is at least linearﬂ'

n—1

T/c+1§(1— )rk, 3n,3n+1,....

n

Proof. Let us fix a number & > 3n. From Lemma [§] about n-step quadratic convergence and
Lemma[3about boundedness we have

Tk—n

Vi

Tk < (Crp—pn)Th—n <

Then
2,2 2
Thtl = 5(7% Tt Teng)
c (i
<= (R4t
= n k—1 k—n+1
C (Tin 2 2 2 2
=\ Tkt T T T Th—n
n\ n
n—1_,
=ry— ——Cri_,.
k n2 k—n
Combining this estimate with inequality (I6), we get the claimed statement:
n—1 n—1
r <rp— r,=11-— Tk O
kLS Th = 5Tk ( 2 ) k

Lemma 8 (improving the constant). Assume that, starting from number ko, the sequence {ry}
decays linearly to zero with constant ¢y € (0,1):

Try1 < CoTk, k=ko,ko+1,.... (17)
Then, starting from number ko + n, the constant cy can be replaced with its square:

Tk+1§0(2)7“k, k=ko+nko+n+1,....

“Here we assume that n > 2. When n = 1, the statement follows from the definition m)



Proof. Let us fix a number k£ > ko + n. Using the definition (I0) of {r;} and inequality (I7), we
have

C
_ 2 2 2
Thtl = g(rk + gt Thng)

C
2 9 2 9 2 9
< E(Cork—l +Cgri—e TR n)

c
= (i T 1)

=cir,. O
A.4 Proof of the theorem

Proof. According to Lemma 1| about the main estimate, the sequence of residuals ||z, — z*|,
is bounded above by the sequence {rj} defined in with C = M/(2p) and r, :=
lxx —2*]l,, K = 0,...,n — 1. The statement about the n-step quadratic convergence rate is
proved in Lemma @ Let us prove the statement about the superlinear convergence rateﬂ Using
Lemma [/| about linear convergence and Lemma [8| about improving the constant, we can write the
following sequence of estimates:

rk“gq, k=3n,3n+1,...,
Tk
Tkt < ¢, k=4n,4n+1,...,
Tk
Tk—-’_lngl, k=5n,5n+1,...,
Tk
Tk+1Sq87 k=6n,6n+1,...,
Tk

where ¢ := 1 — (n — 1) /n%. Combining all these estimates together, we get

T lk/n]—3
ﬂ§q2 , k=3n,3n+1,....
Tk

Since the right-hand side in this inequality converges to zero as k — oo, then 71 /7, also converges
to zero as k — oc.

B Global convergence rate: proof
In this section we prove Theorem 2] about the global convergence rate of NIM.

B.1 Outline of the proof and notation

Note that according to (@), (Z) and (3) we can write the step of NIM as follows:

Tk4+1 = Tk + QPg,
where py, := X — T, is the search direction given by:

R i 1 o ;
pr = A" (n ZVin(Uk)(”k — k) — - ZVfi(vk) - /wck> , (18)
i=1 i=1
where, for convenience, we define Ay, := (1/n) Y1, V2 f;(vi) + pl.
To analyze NIM, we view it as a perturbed scaled gradient method:
i1 = @+ apC + aey, (19)
where we use the same matrix Ay to scale the gradient, pEG = —A,QIVf(xk), and ey == pp — p%G

is the error in the approximation of p%G by pg.

The most important step is to prove that the norm of the error e; can be bounded by a term propor-
tional to the step size « and the norms of gradients at previous points. This is done in Section|[B.3]

Here we assume that n. > 2. When n = 1, the statement follows from n-step quadratic convergence.
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B.2 Auxiliary facts

In this section we state several useful inequalities that we will use throughout the rest of the proof.

Since Ay, is a symmetric positive definite matrix and Apin (Ax) > p, we can write

_ 1
1A, < s (20)
and 1
1261, < 1|4 I, IV f )l < L IVF @l @1

Lemma 9. For a twice continuously differentiable strongly convex function f : R* — R with
constant ju > 0 we have the following inequality for any x € R9:

N 1
= 2|, < " IVF@)l;, (22)
where x* is the optimum of f.

Proof. Take any x,y € R%. Using the Taylor formula, we obtain
Vi) = Vfly) =V f(2)(a —y),

where z € [z, y]. By the strong convexity of f, for any z € R¢ the matrix V2 f(z) is symmetric
positive definite with A, (V2 f(2)) > p. Therefore,

IVf(@) = Vil = pnllz—yl,-
Now it remains to set y = x* and divide both sides by . O

Lemma 10. Ler f : R? — R be a continuously differentiable strongly convex function f with
constant ji > 0 and Lipschitz-continuous gradient with constant L > 0. Then for any x € R®* we

have:
2ulf(z) — f(a)] < |V f(2)]l; < 2L[f(x) — f(z")], (23)

where x* is the optimum of f.

Proof. From strong convexity and Lipschitz-continuity of the gradient, for any z,y € R%:
I L
F@)+ 95 @)= 2)+ 5 lly = al2 < £) < 1)+ VT 2) + 5 ly - 2l
Taking the minimum over y, we get:
1 2 N 1 2
flz) - o IVi@)ll; < £(2%) < fl2) = 57 IVF@)llz
which coincides with after rearranging. 0O

Note that in the conditions of Theorem [2| the function f has Lipschitz-continuous gradient with
constant L := Ly + (1.

B.3 Bounding the error norm
Our derivation of the bound on the error norm is based on the recent work of Gurbuzbalaban et
al. [1]l. The main result of this section is in Lemma[I2] To prove it, we first state an auxiliary lemma.

Lemma 11. The error norm satisfies the following two bounds, regardless of the way the sequence
{1} is constructed:

2L,
lerlly < TR lz; — il (24)
and AL
f
lewllo = =5, max IV Fi)ll, (25)
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Proof. Plugging (T8) into the definition of ey, we have

er = At (711 ZVin(UZ)(v;’; —rg) — %Z [V filv}) — Vfi@k)}) :

Then,

n

1 , , 1 — ,

Jeels < 1457 (nz 1925wl ok~ il + 2 S 90 - wmuz) -
i=1 i=1

As a bound on ||A,;1H2 we use (20). Next, by the Lipschitz-continuity of Vf;, we have that

||V2f1 vk H2 < Ly and vaz(% — Vfilzk H2 <Ly ||v}C — :ka2. Therefore,

2L
lexlly < f ZHvk — k-

Since the order of component selection is cyclic,

n k
Sllb =z, = 3l — il
=1 J=k—n+1
and
ey < 223y -y < 221 lzy — ]
Ckllo =~ —— Z xg—ku_i max x; — Tk, .
(L S po j=k—n+1,..k=1

Thus, inequality (24) is proved.
To prove inequality (23)) we use the triangle inequality inside the maximum in (24), getting
AL, .
Hekﬂzgf‘jzfj krniﬁw”kaj__x [P
and then apply 22). O

Note that in Lemma. we did not use the way (T9) the sequence {xzy} is constructed. As we show
in a moment, by using this extra information in Lemma [T} we can obtain a bound similar to (23),
but proportional to the step length c.

Lemma 12. The error norm can be bounded as follows:

8L%(n — 1)«
< -t o - 26
feulo < OSx9S, 26)
Proof. We start with (24):
2L,
feule < 22 max e~ aull,

By the triangle inequality, forany j =k —n+1,...,k — 1, we get

k—1 k—1
25 — zlly = Z[ﬂ% —zp]|| < Z lze — g1y -
t—j ,  t=i
Therefore,
oL, = 2L¢(n—1)
f A=
'l — < — 7 — . 27
lexlly < " tZkZHH |lz: — 241y < m t:k—v?-il-al?.(..,k—l lz: — zeq1|ly (27)

Using (19), we have
|7t — T44aly < Of(HP§G|E + [leclly) -
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To bound the first term, we use (21)). For the second term we use (23):

AL;
<L N -
ledlly < 2 g mmax V(@)
Therefore,
(4Ls + p)a 4La
- < 7 P L < == Y
|21 — 2p41lly < e o mmax IV, < 2 o max (VS g)l

Plugging this bound into (27)), we get

8LfL(n - l)a
< - 9 .
lexlly < 3 i IV f(z)]l, ]
< 3 ] .
- G mh—2nt2 k1 IV £l

B.4 Proof of the theorem

Proof. Using the Lipschitz-continuity of the gradient and iteration (19), we get

Flonsn) = @) < V@) @nn —7) + 5 lons — ol

= aVf(xr) P+ aVf(zk) e
Lao? 2 Lao?
+ 5 [0l + Lo @R) Tew + 5 llexll3 -

Now we bound each term above in terms of the norms of previous gradients. The first term is a
quadratic form whose matrix Ay, is symmetric positive definite with A\ax(Ax) < L. Therefore we
can write the following bound:

aV () pi¢ = —aV (@) ATV flan) < =7 IV (@3-

For the second term we use the Cauchy-Schwarz inequality and bound 26):

2 2
aV @) er < a9 f )l leslo T w195,
For the third term we use (21)):
La?
2
For the fourth term we use the Cauchy-Schwarz inequality and bounds (2T)) and (26):

8L3(n —1)a?
208G\ T, < To2 ||SC < — N
Lo? (i) "ex < La? [piC, llell < = 5= max  [IV/(z;)l;

2 La?
P11, < 5 197 @0l3 -

For the fifth term we use (26):
La?
2

Combining these five bounds together, we get:

9 _ 32L°(n—1)%a* 2
< =7 I -
lerlly < G opomax IV EG)l

a o La? 2
F@rrr) = flar) < =7 IV fzn)l; + Pl IV ()l
8L%(n — 1)a? Lo 4L3(n —1)a? 2
+ 7/13 (1 + 7 + 7/}/3 > j*kfrgzaj% ..... A ||Vf(l'j)H2 .

Now we introduce V}, := f(x) — f(2*) and replace all the gradients in the above expression with
the corresponding V; using (23). This leads us to the following recurrent inequality:

Vier < Vi Vi
k1 < pla)Vi + Q(a)j:k_glnaj(z..-,k !
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where
p(a) :==1—-2x"ta+ K%a?,

q(a) == 16x*(n — 1)o® [1 + ka + 46%(n — 1)a”] .
and k := L/p > 11is the condition number.

According to Lemma 3.2 of [1l], to finish the proof, we need to find « such that p(a) + g(a) < 1.
This will guarantee the linear convergence of V;, with constant ¢ = (p 4 ¢)'/(1+2(»=1),

First, assume o < o for some ag that we will choose later. Then
p(a) +q(a) <1 —2"ta + K%a® + 16K%(n — 1)a?(1 + §) =: hs(a),
where § := 1 + kag + 4k3(n — 1)a3. The condition hs(a) < 1 is equivalent to
a <267 3(1 4+ 16k(n — 1)(1 +6)) %
Let us choose ag := k~%(n — 1)1 /8. Then

30y, _ 1)1 —5(, _ 1)1
(n—1) LB (n—1) <1+1+i:19

K
1+6=1 -~
+ + 8 16 - 8 16 16

nd
) 2631+ 16k(n — 1)(146))' > 26731+ 196(n — 1)) =

D Q.
Note that & < ag. Therefore, for all @ < & we will have p(a) + g(a) < hs(a) < h(a) < 1 with

h(a) :=1-2k" a+ &*(1 4+ 196(n — 1)) O
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