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Abstract

We develop a limited-memory method for online linear regression problems named the reduced
Kalman-based Stochastic Gradient Descent. Limited-memory methods are intriguing since they
address the computational challenges of second order methods and show more robustness to differ-
ent parameter choices than first order methods. However, current limited-memory methods, such
as adaption of L-BFGS to the stochastic case, suffer from one or more of the following drawbacks:
(1) assumptions made on objective functions that rule out least squares problems; (2) samples with
size larger than the dimensional of problem required when estimating Hessian; (3) less robustness
due to new hyper-parameters introduced. Moreover, all the methods do not incorporate the latest
observation in the Hessian estimate for the next iterate due to the lack of a relevant proof technique.
The standard approach used in current methods requires a conditional independence between the
Hessian estimate and the gradient estimate. We tackle those problems by introducing a new limited-
memory method that avoids those drawbacks by construction. We give the theoretical guarantee
and experimentally demonstrate our method. Importantly, in our method, we fully exploit the up-
to-the-moment information in the Hessian estimate and the gradient estimate. We develop a new
analysis strategy that allows us to study the convergence when the Hessian and gradient are depen-
dent. Furthermore, this strategy can be adapted for a series of procedures that include dependent
Hessian and gradient estimate since no specialties of least squares problems are utilized in our
analysis scheme.

1. Introduction

Least squares problems continue to be an intensive area of research especially as the number of
equations and dimension of the problem grow with advances in sensor technology [e.g., 13] and
developments in higher fidelity models by domain experts [e.g., see Ch. 2 of 2]. In addition, the
data for least square problems are generated continuously in many cases, which results in streams
of data [1, 13, 14]. To better handle the increasing data size and possible demand of adaptation to
streaming model, we reformulate the least squares problem as a statistical estimation problem,

mink (Y —X'B)?], (1)

where Y is the resulting random variable corresponding to the elements of the dependent vector
of the least squares problem; X is the resulting random vector of dimension p corresponding to
the rows of coefficient matrix of the least squares problem and X’ is the transpose of X; (3 is the
unknown parameter of dimension p; and E is the expectation operator over the distribution placed
on X and Y. Such a reformulation allow us to employ stochastic approximation methods for solving
least square problems.
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Among the current stochastic approximation methods, first order methods have very low com-
putational complexity and memory requirements, but their convergence behavior is highly sensitive
to the curvature of the objective near the solution [4]. Second order methods, in comparison to first
order methods, have been empirically shown to be highly robust to step-size selections (usually a
step size of one) [16], while incur a much higher computational cost per iteration and overall storage
complexity, which becomes prohibitive as the dimension of the parameter, p, increases.

To balance between computational efficiency and robustness to parameters, limited-memory
stochastic approximation methods are an intensive area of research [3, 5, 8, 9, 12, 15, 17, 18].
Current limited-memory stochastic approximation methods are based on deterministic L-BFGS
[3,5,8,9, 12, 15, 17, 18]. The adaptations of L-BFGS to stochastic context result in a number of
benefits or drawbacks, especially for the linear regression problem: (1) assumptions that preclude
the linear regression problem [3, 15, 18]; (2) requirements for a sample size larger than the dimen-
sion of the problem for each Hessian update [5, 8, 9, 12]; (3) introducing new hyper-parameters that
reduce the robustness of the method [17]. Moreover, all stochastic analogues to L-BFGS do not fully
exploit the most recent information in generating the next iterate since they require the conditional
independence between the Hessian-estimate and gradient for analysis in their setting. Note, this
idiosyncrasy appears to be driven by analysis purposes: the aforementioned methods directly adapt
the standard approach for analyzing stochastic approximation methods (e.g., [6]), which depends
on the conditional independence between the Hessian-estimate and the gradient-estimate.

For the linear regression problem, rather than finding a general purpose, stochastic extension of
L-BFGS, an alterantive, tailored approach is to extend Gauss-Newton (see Ch. 10 of [10]). One
of the stochastic extension of Gauss-Newton is named Kalman-based Stochastic Gradient Descent,
the convergence of which is robust to the choice of tuning parameters [11]. In this work, we will
extend this related Gauss-Newton method to the limited memory case for the online linear regres-
sion problem under the name reduced Kalman-based Stochastic Gradient Descent. Importantly, our
resulting method makes use of the most recently available information in the Hessian estimate and
in the gradient estimate. We develop an analysis strategy that allows us to deal with the dependence
between the Hessian estimate and gradient estimate. Fortunately, our analysis strategy does not
depend on the properties of the linear regression problem, and can be readily adapted to analyz-
ing procedures that induce dependence between the Hessian estimate and gradient estimate (e.g.,
AdaGrad, ADAM, etc.). To summarize,

1. We develop a novel limited-memory method that is based on Gauss-Newton and that avoids the
difficulties associated with stochastic L-BFGS methods;

2. We develop a novel analysis strategy that can be leveraged to analyze a variety of methods that
induce dependence between the Hessian estimate and the gradient estimate.

2. Method & Algorithms

In this section, we introduce how we derive a reduced memory version of Kalman-based Stochastic
Gradient Descent (k-SGD). The full k-SGD is derived by choosing optimal step-size and estimated
inverse hessian to minimize the mean square error conditioned on Fy 1 = o (X1, Xo, ..., Xit1)
[11].A pseudo-code of k-SGD is summarized in Algorithm 1. Actually, the recursive formula for
k-SGD is equivalent to (2), and therefore and be viewed as an adaption of Gauss-Newton method to
the stochastic case. More details can be found in [11].
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s 1
Bry1 = Br + @+§Zyﬂa X1 (Y1 — B Xkt) - 2
i=1

The advantages of k-SGD include the insensitivity to conditioning of Hessian and robustness to the
choice of tuning parameters. However, for large dimension problem, it is expensive to store the
whole matrix Ni. What’s more, the matrix-vector product in Line 6 shows to be time-consuming in
the numerical experiments when dimension p is large. Therefore, we construct a reduced memory
version of k-SGD for large scale problems. Similar to the L-BFGS procedure, we construct an
approximation of the matrix Nj using only a user-defined number of vectors, m. We first obtain
a recursive formula to calculate dj with {dx_s11,...,dg_1} and Ni_,,, and then introduce a
diagonal approximation of Ny _,,. Our method initializes C{ as the identity matrix and Sy as an
arbitrary vector, and determines {C}} and {x} by

jfl v(k’tl) : }/g
k+1 k—(mAk)+s —m+s
vlg—(rz/\k)-s-j = H Iy — (et D) 7 Cr Xk—m+j> 3)
s=1 v+ (ka(mAk)Jrs) X—mts
k1
Br+1 = B + d (Hl)?);(fﬂ ) (Vi1 — BrXps1) “4)
Y+ X1V
c {Ip k<m
k+1 = _ . -1 ; (5)
(Cyt +diag { X mi1 Xf_ i1 }) k=m
)
forj = 1,...,(m A k) + 1, where | ] represent left multiplication. Here, C}, is the diagonal ap-
proximation of Ni_,,; {vl(ck_till, . ,v](f;l) } are the approximated searching directions generated

at step k; n > 0 is a tuning parameter that accounts for the reduced memory approximation to the
Hessian estimate.

Algorithm 1: Full k-SGD Algorithm 2: Reduced k-SGD
Input: Parameter 3y, Hyper-parameter ~y Input: Parameter 3o, Hyper-parameter -y
Output: Parameter 3 Output: Parameter 3

1 B« Bo; LB po;

0> . . . 2 ¢+ p X larrayof I'’s;

2 Ny < p X pidentity matrix ; 3 k0

3k+0; 4 while true do

4 while true do 5 Read new observation (Xx+1, Yit1) ;

. C te vi+1 by (3) usi d
5 Read new observation (X1, Yit1) 3 ¢ ?I)n(t’u ¢ UH)I y( );lcszn%fan
k—m+1)V1s«- - +155
6 dk+1 — Nka—H > 7 84 Y+ Uiy Xit1s
7| sy dy Xy s | B B (Vi — B'Xei) /5
. if k& >
8 | B4 B4 di(Yier — 8 Xer)/s:  ° ‘V*m??+xz -
_ U . 10 c+ (c b—ma1

9 Nk—i—l — Nk dk+1dk+1/5 ; " end

10 k< k+1; 12 kE—k+1;
11 end 13 end
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3. Analysis of Convergence

In this section, we prove the convergence rate of our reduced k-SGD method (see Theorem 2).
As mentioned in §1, the standard convergence analysis (e.g., [6]) failed since we have dependent
Hessian estimated and gradient estimated.! The alternative approach in [11] is also not applicable
for our method since it requires certain relationships to persist between the initial Hessian estimate
through the terminal Hessian estimate.

Therefore, we innovate an approach that can readily handle arbitrary dependencies between
the Hessian estimate and gradient estimate. Our new approach has two steps. In the first step,
we introduce a “ghost” estimator which replaces the random Hessian estimate with a carefully
constructed deterministic quantity. Then, we apply the standard analysis to get the convergence
of this “ghost” estimator. In the second step, we analyze the iterates generated by reduced k-SGD
against the iterates generated by the ghost estimator, which effectively requires us to compare the
random Hessian estimate to the aforementioned carefully constructed deterministic quantity.

We first introduce the assumptions we make for analysis. Assumption 1 formulates the least
squares problem. Assumption 2 ensures that (1) is well-defined and has a unique minimizer. As-
sumption 3 controls the density of { X} }.

Assumption 1 Suppose we have independent identical distributed pairs (X1,Y1), (X2,Y2),... €
RP x R, which have the linear relationship Y}, = X, + ex, where 3, € RP is a fixed vector, e},’s
satisfy E [e| Xi] = 0 and V [ex| X1] = 02 > 0.

Assumption 2 Assume that Q. = E[X1X] exists and 0 < Q. < oc.

Assumption 3 Suppose for any {ji,...,js} C{1,...,p}, and {t1,... ts} suchthat > ; | t; <8
we have

E

11 (Xl,ji)ti] < o0. (6)

=1

We define a ghost estimator {6 } by first write out the explicit form of recursive formula (4) and
then replace the Hessian estimate by its expectation. The update formula for {6} is

Ory1 = O + Jé}kHXkH (Yir1 — Xjp10k) (7

n
Y
where the hessian estimate Jg 141 is defined as

1+k
Jo k1 = - , ®)
Ip+;[(k—m)c2d+(m+1)@*] k>m

where Q; = diag{(Q).}. We show that the “ghost” estimator converges with rate O(1/k).

1. Recall that for stochastic L-BFGS methods, the Hessian estimate and gradient estimate are designed to be condition-
ally independent; see §1.
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Theorem 1 Suppose that Assumption 1 and Assumption 2 hold. If n > 2)‘/{“6‘,"7((%1)),
2 1
E[I6r - B.12.] =0 (3 ). ©

2 _ T
where ||z[|? = 2" Q..
We can then show the difference between two estimators convergences to 0 with rate O(1/k).
Theorem 2 With assumption 1, 2 and 3, if the step-size n > 2)‘;’?"7((%?), then for arbitrary § > 0,
there exists a sequence of events { Dy, } 32 . satisfies Dyy1 C Dy and for k > K, limy,_, P(Dy) >

1 — 6, such that
1
E [0k — Billd,1p,,] = O <k> . (10)

4. Numerical Experiments

In this section we are going to compare the behavior of reduced k-SGD with SGD[6], full k-SGD,
AdaGrad[7], and the stochastic quasi Newton method [5] on a BlogFeedback data set. All the
methods are initialized with 0. We record the number of accessed data points (ADP), elapsed time
and the the mean of the residuals squared (MRS). The behaviors are measured with two metrics, the
ADP and the time needed to get the same MRS.

BlogFeedback Data Set contains the processed features of the selected blog posts. The goal
is to predict the the number of comments in the upcoming 24 hours. We apply a Haar waveket
model. The resolutions of all features is set to be 2, which resulted in a parameter of dimension
p = 1960. From Figure 1, our reduced k-SGD has outperformed SGD, AdaGrad and online L-
BFGS. The full k-SGD goes into wrong direction in the first few steps, but then returns to the right
track and converges faster than all the other methods when the ADP is large. The online L-BFGS
stops making progress early due to some zero gradients in this data set. When turns Figure 2,
reduced k-SGD with m = 1 still shows good performance. However, the running time of k-SGD
with m = 5 grows a lot. The total runnning time for full k-SGD is more than 1400 seconds and is
not shown in this figure.
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Figure 1: ADP versus Loss Figure 2: Time versus Loss
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5. Conclusion and Future Goals

In this paper, we developed reduced k-SGD method for least squares problems and analyzed the
convergence. As a result, our method achieves a convergence rate O(1/k) and avoids the awk-
wardness of stochastic L-BFGS. That is to say, the assumptions for our method work perfectly
for least squares problems; no extra sub-sampling is needed to ensure convergence. Importantly,
our method is able to exploit the latest observation in the Hessian estimation with developing a
innovative analysis strategy. This strategy is capable of Hessian and gradient estimate that are not
conditional independent, in which case the classical analysis strategy has broken down. Further-
more, our method can be readily adapted to a bunch of methods with dependent Hessian estimate
and gradient estimate.

There are several things left for the future,
1. show that Theorem 2 convergence with probability 1;
2. construct an efficient implementation of Equation (3);
3. demonstrate the performance of our method on more numerical experiments.
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Appendix A. Explict update formula for reduced k-SGD

Lemma 3 With Cy = I, and the same initial point (3, the updating rule (3), (4), and (5) are
equivalent to

(mAk)+1
Jori = Cpl + 5 > Xk i)+ Kb mak) 0 (an
j=1
Bi1 = Br + 3J5,2+1Xk+1(Yk+1 — Xp4185), (12)
c {Ip k<m
k+1 = _ . -1 . (13)
(Cit + diag{ Xp—m1 X} 1n11}) k=>m
Proof We only prove for the case k¥ > m. We first work out the explicit form of v,(clrzl) by sub-
stituting previous v,(ck_ﬁlj’s. When ;7 = 1, v,(ck_ﬁll = CxXg_my1. Then for j = 2, we will
have
(k+1) /
k+1 Uk—mt 15 k—mt1
Ul(f—mzl—Q = IP - (ZL_:_I) 7 el Cka—m+2
v+ (Uk,m+1> Xk—m+1

o CeXt—ms1X),_ 11 Ch x (14)
=(Ck — k—
Y+ X1 Cr Xkmmep e

1 -
= (Ck Lt 7Xkm+1X;/g_m+1) Xk—m+2-

The last equality follows the Sherman-Morrison formula. Actually, if we repeatedly do the same

procedure for 57 = 2,...,m + 1, we will get an explicit formula for v,(f_til y with adding more

Xk—m+jXk—m+; s inside the parentheses. We can prove this by induction. We denote

(k+1)
Mk—m-‘rl - Ck
_ -1 (15)
(k+1) (k+1) \ 1
Mk—m+j+1 - |:(Mk:—m+j> + Xk—m+le/c—m+j} ’
for j =1,...,m. We claim that
(k+1) 5 (k+1)
k—m+j — Mk—m+ij—m+j‘ (16)
for j = 1,...,m + 1. We have already prove the base case j = 1. Now we assume that for j < [,
(16) holds. Then we focus on the case j = [ + 1. Again, we denote
)
r U(k_+1) X
QIE;T;)m_i_lJ’_l = H Ip - & (Z:’_S k/ mts Cka—m+l+1) (17)
s=1 vt (Uk_m+s> Xk—m+s
forr =0,...,[. Here we use a second induction with respect to the index . We claim that
k+1
o =MD X (18)
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The base case r = 0 follows the definition of q,io_>m i1 and M ,gli:ll}rl We now assume that for
r=t—1,1<t<I, i
t—1 +1
qli—m>+l+1 = Mlg—m—)i-th*erlJrl' 19)

Then for r = ¢,

k+1
(t) _ ’Ul(ffmzrtXl/cfm%»t (t—1)

Tk—mti+1 = IP - k / A mt141
+1
v+ (vl(c—mzi—t) Xk—mtt

(20)
(k+1)
k—m—i—tXl,f—m—&-t AED

v+ (Ul(vj;nzrt) Xk—m+t

(Y

= Ip - Xk7m+l+1-

Substituting the first induction hypothesis (16) and using Sherman-Morrison formula,

M(’H-l) X, X!
(t) _ k—mtt< k—m+tN oyt (k+1)
/R I (Ip - - k+1) = Mkferle—m—i—l—i-l

v+ Xl/c—m+tMlg—m+th_m+t

(k+1) (k+1)
_ (I _ Mk—m—i—th*ertXI/f—m-‘rth—m—H
=\

Ay kD)

Xk—m+i+1
Y+ Xp e M 1 Xkt ) @D

-1
k+1) \ L
- [(M’gtnlJ +X’“—m+tXl/cm+t} Xk—mti+1

_ a(k+D)
- Mk_m+t+1Xk—m+l+l7

which implies (18) holds when r = ¢. Therefore the second claim holds forall = 1,...,l. When
r=I,
l I+1
Veemiet = @ ey = MU X 22)

Therefore, (16) holds for the case j = [ + 1, which completes outer induction reasoning. After

substituting in the explicit formula of v,(glf:gl), the updating formula for S5 now becomes

n k+1
Bt = B+ ———— M Xesr (Yerr — BiXoi) (23)
Y+ X My Xk

We can still simplify this formula by applying Sherman-Morrison formula again,

ME X X, M
k k+1
Br+1 = Bk + g M}ggl) - e | Xt (Yer — Xy Be)

k
L v+ Xl/c+1Mk(:+j;1)Xk+1
- —1
k -1
= B+ (Mlg—jll)) + Xk+1Xli:+1} X1 (Vi1 — Xip150)
Y 5 v . (24)
n m—+1
=B + 5 Co'l + 5 Z Komm+j Xemmas | Xt (YVer1 — Xpi1 )
i=1

= Bk + gJE}CHXkH(YkH — Xj15%)-
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The last equality follows the definition of J¢ 1. |

Appendix B. The Proof of Theorem 1 and 2

Theorem 1 Suppose that Assumption 1 and Assumption 2 hold. If n > ;}’\’L&%ﬁ,
2 1
E[||6x — B:5.] = O R )

where HxH?Q =27 Q.x.

Proof

We can apply the standard approach on {6y }. Recall that S, is the true parameter and we want
to show that {6y} converges to 3. Importantly, we do not directly analyze the 2-norm of 65 — [,
to avoid cross term .J;, %c 1@+, which is not necessary positive definite even when considering the

limit. Instead we consider a matrix norm: specifically, we define HxHé = 27Q.x, for z € RP.?

Denote
Amin(Q*) = 517 AmaX(Q*) = El» (25)
Amin(Qd) = 523 Amax(Qd) = Eo.
The following inequalities give the equivalence of || - |2 and || - ||q,,
&illel3 < NlzllE, < Ellzll3,
(26)

— || < ||z < —llx .
:1|| 15, < llzllz < 51” 1.

And we consider the convergence in this norm instead, using (7) and Assumption 1 we have

2

2
-

Let]—"k = U(X1, “on ,Xk), Qk = O’(Xl,Yl, . ,Xk,Yk) ande+1 = O’(Xl, 1/1, N ,Xk,Yk,Xk_H),
where o (+) denotes the induced o-field. Note F, C G C Hjy11. Then we take the expectation with

Hek _/B*‘

0, — By + gJé}CHXkH(YkH - X1/f+19k)

Q. 2 o7
O — Bx — gJé}kHXkHXIQH(@k — B«) + gjé}kHXkﬂékH

Q*

2. Analyzing the problem under this norm is equivalent to analyzing the progress of the objective function directly.

10
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respect to Hy41 and use the first and second moment of €541,

2n _
E [||9k+1 — Bell?). |Hk+1] = [0k — Bull}), — 7(9k — B) Qe 1 X1 X1 Ok — )

2
n _
+ 2 (O — 5*)/Xk+1X;/€+1J k+1Q*

X JQ k+1Xk+1Xl/c+1(9k — )
2
052 (X’ Jol 0. X )
+'7 g k+1 Qk—l—lQ* Q.k+1k+1 (28)

2n
Q* ~y (ek /8*) Q* Q, k+1Xk+1Xk+1( k — /8*)
2
HXk+1H§H9k - Bul3

2
L
7

: JE) k+1

2
Qf Qk+1 HXkJrlHQ'

The inequality follows the definition of matrix induced 2-norm. Now take expectation with respect
to Gy, on both side. Denote E [||X1||3} = pxqand E [HXlﬂg] = pix.o- Then

2 _
E 16101~ Bl 166] < 1~ Bully, — =" (6~ &)’Q*JQ;H@* (0, — B.)

2 2

2

n 37—
+?,U/X,4 QEJQ,lk—i-l H91€ ,3*||2+ o Mx,2 Q* JQk+1
< 16k — Bully, — n>‘mm (QQ‘]_k—HQ*) 16k — Bllq.
712 2
+ x4 Q* H Qk'HH Hek_ﬁ*”Q
v (29)
772 2 3 1 2
ol |
2n
< Hgk — ,8*‘ Q. ~ ~ € Amin < Q, k+1> ”9k /B*HQ*

2
Ui - -

+ Ty E1 N (Tgken) 106 = 5213
772 2 2 1

+ $0' Hx 221 A max (Jé,kdrl) )

where A\pin(+) represents the smallest eigenvalue. The second and third inequality follows the in-
equalities of eigenvalues. Now since limg_, o %JQ7]€+1 = %Qd, we can bound the right-hand side
with eigenvalues of Qg and get rid of Jg ;1 1. The accurate bounds is given in Lemma 4.

11
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Using Lemma 4 and (26),
12n(1 — &
B (160~ A13.1:) < 100 — 81, — 1 22022 — g,

1n (1+52) =it
3 O — BullZ 30
1 n%c Mx2(1+52) =

+ = )
k2 3

Now the right-hand side is in order ||0; — 5 ||é* [1 — O(1/k)]+0O(1/k?), we can therefore conclude

that E |:9k+1 — By H%} converges to 0 with rate O(1/k) by Lemma 1 in [6].

N(1+62)2E1Z0ux 4
203(1—01)£2¢2

Gl < <1 B ;277(1 — 513)21 — 53)51) 16 — Bull%,

In detail, for arbitrary d3, let Ko = . When k& > max{ K, K2}, we can control

the third term,

E [Hek’-i-l — B« 2Q

- (31)
i77202ﬂx,2(1 + 02)?E4
k2 &2 )
Let B = %, By = ol px, 25(1”2) =L and take expectation of both side of (31),
= 2
By By
E [|6r41 — @Hé*} < (1 - k> 116k — ﬁ*HQQJ t1z (32)
Itn > % we can choose appropriate d1,d3 such that By > 1. Then we could prove by
induction that for k£ > K = max{Kj, K5},
B
E[I6x — Bill.] < (33)
where B3 = max {KE [HGK - B*HZQJ , %}. We conclude the following result.
We can prove this by induction. For the base case k = K3,
K3E[[|0x, — B:115.] B
E[|10x, — Bull3.] = s < 2 (34)

K3 - Ky
Now assume that for k = | > K3, E[||6; — B*Hé*] < 73 For k = [ + 1, using (32) and the
hypothesis assumption,

B Bz
Emm—@ngQ—l){m BulI3.] +
Bl Bg BQ BS B3
<(1-2 )22 B4 8
—< z)z R I R
1 Bl Bl B3
<1(z+1) 12) 3T T
(1 — 31)33 + By B3
= 12 I+1
<7B3,
S l+1
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which completes the proof. |
Theorem 2 With assumption 1, 2 and 3, if the step-size 1 > 2’\)‘\“?*7(((“22‘1)), then for arbitrary § > 0,
there exists a sequence of events { Dy, } 32 . satisfies Dyy1 C Dy and for k > K, limj,_, P(Dy) >

1 — 6, such that
1
E (106~ il 15,] =0 (7 ) (10)

Proof Since we have already proved the convergence of the alternative estimator, we can instead
analyze the difference between our estimator and the “ghost” estimator.
Let ex = |8 — GkHé*. To analyze the convergence, we again write {E[ex]} as a recursion.

First take the difference of (12) and (7),
Br+1 — Oky1 = Br — Ok
n -1 / -1 / (36)
+ Y Jor1Xk1 (Y1 — Xip1Be) — Jg g1 X1t (Vi1 — Xipy16)

To analyze the second term, we need to add and subtract several intermediate terms. There are
two goals of doing this. First, we want to make use of the convergence of 6, — 3,. Second, we need
to get rid of the product of JE}C 41 and Xj4q since it is difficult to control this term as mentioned
before. We do some additions and subtractions to make the difference easier to analysis. We first
add and subtract a 2% | Xp 1 (Vi — X1 Bk

7Y Qk—1
Bry1 — Okr1 = Br — O + gJéi,leﬂ(YkH — Xp158%)
— Joi1 Xkt (Vess — Xpy100) + g*]a}cﬂXkH(YkH — Xjer15e)
— ngé}k,leﬂ(Ykﬂ — X}i18k) (37)
=B — 0 — gt]é}€+1Xk+1Xl/c+l(5k — 0)
+ g <J5}€+1 - Jé},ﬁl) X1 (Y1 — Xi185)-
Since we have no idea about Y1 — X IQ Hﬂk, we do another pair of addition and subtraction,

Bist — Ops1 = B — O — 2J5,1+1Xk+1x,;+1<ﬁk — 0

Ui — _
+ 5 (JC,}c—i-l - JQ,1k+1> X1 (Vi1 — Xjoy18r)
n — _
- g (Jc,}cﬂ - JQ,1k+1> X1 (Vi1 — Xl/<:+19k)
n — _
+ 5 (JC,}f—i—l - JQ,1k+1> X1 (Yerr — Xpi16r) (38)

= Br — Ok — 2J57%€+1Xk+1X12+1(5k — Ok)
N/ _
=2 (ke = Taken) Xesr Xia (B — 00)
+ g (JE,}H-l - Jé}kﬂ) Xk+1(Yk+1 - Xl/cﬂak)-

13
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We denote (Jg}c—l—l - Jélk_H) by Ej+1. Now we can have a recursive formula of E[ez]. We

first calculate the products out, take expectations, control the matrix-vector product with eigenvalues
and combine like terms. The result is proved in Lemma 5 and is concluded here.

2n -1 n°E
Elex+1/Gk] <ep [ 1- 7§1)\min (JQJC_A'_l) + 50k,

20’2 517772: &
+ VerllOk — Bello. =tk 0 + 26 5,
el = Bulla. Zgg "0k + g Ona

where

2
it = Vg ra + v\ B (15 161

_ 2y
w2 aghnl], vy B 1Bkl 6] + 2y B 1 )

G2 = Vo Ell B [:1G+] + m\/E [1Ek4115 1% (40)

o e VN E [N

s = 100 — B*Ilé*\/ﬂx,s\/ﬂi (1B 131G + 510WX,4\/E [1Ek11131G% .

With Lemma 6, if we can control dy, 1, dx, 2 and dy, 3 appropriately, we will be able to show that
{Elek]} convergences to 0 with rate O(1/k). To show this, we first notice that in these three terms,

only E [HEkH Hip \gk} are left to analyze, j = 2,4. What’s more, by Jensen’s inequality,

1

E {1 Bt [319] < (B 1B llf 16e])" @41

Therefore, we only need to bound E [HEkH H% \Qk} . Actually, we are able to prove that this term

isin O(1/ K9/ 2) with high probability in the following paragraphs. With this rate, we can show that
the recursive formula of E[ey] satisfies the condition in Lemma 7 and therefore {E[e;|} converges
with high probability. This is discussed in appendix D. In conclusion, for arbitrary ¢, there exist K35
such that

[e.e]

B
P U {e[iBaltia] > 55 ) <o @)
k=Ks5

the exact definition of K is given in the end of appendix D
Then we will complete the proof of Theorem 2. For arbitrary 6, K5 = K5(9) is defined in
Lemma 8. Let

k
By
D= () {E[IBalti6] < o @)
Jj=Ks
for k > K. Then by (42), limy oo P(Dg) > 1 — 4. Since Dy, € G, we have
Elex+11p,|Gk] = E [ex+1|Gk] 1o, (44)

14
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Using (39),
21 4 °E1
E [ers1lp,|Gk] < erlp, (1= =& Amin (Jgps1) + w5 0k1ln,
g &1y 45)
21?2, 2z
+ \/elekHGk B*HQ* 77 Ok 2lp, + 77275].3,31@9.
7261 761
By the definition of 6y, 1, 0x 2, 0,3 and Dy, we have
1
BZ
O e S L N S e
8
Ok2lp, < % x4 9 + \/Hxs + H Qk"‘lH \/Hx,skT (46)
8
\/B \/B4
5k31Dk < Hek_ﬁ*HQ*\/st +§10 VHx a9

k: k;4

We denote the right-hand side by 5;671, Sm, 5k,3 respectively. Note that 5;671 and 5;@2 are determinis-
tic. Substituting (46) into (45) and taking expectation on both side,

21 4 n°E1 £
e A (J ) + =15
~y 1Amin Q.k+1 €172 k,1

=
B Lonto ) B (10 = 13, 225+ L2 [

Choose appropriate d; and d3 such that B; = M
Lemma 4 we have when k > K = max{m, K 1(01), K1 2(1)},

1(1—0d1)y
>\m1n (JQ k:-i—l) > kTa 48

Amax (Jé k+1) < re

Substituting (48) into (46) we have

Ekmﬂ%}gEkﬂ%}O—
7

> 1 and let 9o = 1. Then using

B7
1 < —5> (49)
ks
where ) )
2 AyB} 2vB}
B; = lQNXA + V MX,sB4 + VHxs 22 4 + \/MX1,4%' (50)
2
- = 8
Then similar as what we did in Theorem 1, for k > K¢ = (%) , we can domi-
1

nate Sk,l with the previous negative term in the parentheses. Now we want to bound the term
E [||9k - B*HQQ*} Using Theorem 1, for £ > K3 = max{K, K2},

Bs

Efllor — Bullg.] < 7 (51)

15
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Substituting (48) , (49) and (51) into (47) we have

B B B
B [exnlo] SB[l (1- ) + VEadn] 5 + 2

B / B B ©2)
1 8 9
S ]E [elek_1:| <]. — k) + E [elek_1i| g + ﬁ’
where )
1 192p°=
By = B Bj L2 <7\/m+ Vixs + ,/umv)
RESTRN &
. (53)
By = % By (Bs\/lixs + &10%\/lix.s) -
Now we can apply Lemma 6 and the conclusion follows. |

Appendix C. Technique Lemmas

Lemma 4 For arbitrary small 61 > 0 and 03 > 0, there exist K1 = max{m, K1 1(01), K1,2(52)},
such that when k > K,

-1 1 (1 - 51)7
Min (Jghen) = oz (54)
-1 1 (14 02)y
/\max (JQ,k—l-l S % 52 ) (55)
where (L= 61) [y + (m + DEx — mEs)
— + +1)=21 —m=
K1,1(51) _ 1) Y m_ 1— Mg 7
0152 (56)
(14 8) [m& — (m+1)& — 7]
KLQ((SQ) = .
0262

Proof Using (7), for &k > m,

1
Amax (JQ k1) <1+ —[(k—m)Ex + (m + 1) 54,

1 (57)
Amin (JQk+1) = 1+ 5 [(k —m)& + (m + 1)&1].

Since the reciprocal of eigenvalues of a matrix are the eigenvalues of the inverse matrix, we will
have

. _ 1 - -\
)\min <JQ71]€+1) = )\max (JQ,kJrl) ! > <1 + ; [(k‘ - m) Zo + (m + 1) .:.1]) . (58)

Then we can get a lower bound of £ which can guarantee that (54) holds,

1=061) [y + (m+1)Z; —mEs]

(
k>
- 0129

: (59)

16
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Similarly,
Amax (Jé,lk—l-l) = Amin (JQ,k+1)_1

1 -1
< (142 (k- mg+ m+vel)
We can also get a lower bound of & such that (55) holds,

oo (L0 ey — (4 e 5]
9282

Lemma 5 With Assumption 1, 2 and 3,

2n _1 77251
Elert1/Gk] <ep (1-— 751)\min (JQ7k+1> + 0k

§1y
205, =
+verllOk — Billo. —57—0k2 + —5 k.3,
92 7261

where

2
Okl = Hjé,lk-l-lHQMXA + \/Mx,s\/E [||Ek+1|!% ng}

_ 2y
w2 aghnl], vy 1Bkl 6] + 2y B 1 )

N XN IR ARV eyl [IENSTREN

N e N A A

O3 = 110 — ﬂ*néwx,s\/la (1Bl 1G] + ao?m,w 1Bk 1 1G]

17
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Proof We first substitute (38) into the definition of eg 1,

2

2
2 (X} 1 Bk — 0x)]

eyl =€p + QJ_

Q, k+1Xk+1

2
) [Xf1 Bk — 00)]
2

(Vg1 — Xllc+10k)2
2

2
= Tk = ) QuTghs Xiewr X (B — )

% Q* Erp1 Xk

| 3
+ 5 |@F Br+1Xk41

2
- 777(616 —01) Qs Erp1 X1 X1 (B — ) (64)

2
+ 777(516 — 01) QuBrs1 X1 (Y1 — Xiy10k)

27]2
,y (ﬁk - ‘9k) Xk+1Xk+1JQ k+1Q*Ekz+1Xk+1Xk+1(6k - ek)

21> _
: (B = 0k) Xrt1 X141 J 0 1 Qe B 1 Xir1 (Yieyr — Xjy10r)

2
;7 (B = 0r) Xp1 X1 B 1 Qe By 1 X1 (Yes1 — Xpy10k) -

Recall that Hy 1 = o(X1, Y1, ..., Xk, Yi, Xga1) and G, = 0(X1, Y1, ..., Xk, Yi). Compute
conditional expectation first with respective to Hy1 using Assumption 1 and the first and second
moments of €41,

2

E [ept1/Hrr1] = ex + Xt | [Xhpr (B — 00)]
2

2 2

5 2
+ % Qf B Xer1 || [Xr1 (Br — 6)]
2

2 2

2

2 1 1
+ % Q2 Er1 Xppa || [ X (B — ek)]2 + 5 |Q? Byy1 Xpy1|| o2
2 2
(/Bk - ‘gk) Qxd, Q, k+1Xk+1Xk+1(6k - ek)
- 7(@9 —01) Qi E1X51X1, 1 (Br — Ok) (65)

(/Bk — 01)' Qe Epy1 X1 X1 (Bs — O1)

2
(@c — O0) X1 X1 1 TG oy 1 Qe Bt Xir1 X1 (B — Ok

2n> _
= 7772(51@ = 00) Xir1 X1 I 1 @ Brr1 X1 Xy (B — O)

2 2
- %(@c — 0k) Xi1 X1 B 1 Qe B 1 X1 X1 (B — ).

18
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We then compute E [ef11|Gx] using (26). The Cauchy—Schwarz inequality are applied to decou-
ple correlated products. Also we control the matrix-vector product with eigenvalues and Frobenius
norm. Here, we use the Frobenius norm rather than /5 norm since the Frobenius norm is easier to
control.

e

2=
_ = N =1
Bt s110) < en + ok gk [ Tt + o i [B (1Bl 1]

+ Hek - 6*’

2:—!
=1
QQ*T% \/Nx,s\/E [llEk+1|!4F |gk]

L= UQM\/E [HEk-i-IHill? |gk}
2
= THBk— 00 Qu g1 QulB — 00)

277~1
2L ¢ 1Bl 16:]

+verlB. . 22t iy B 1B 16 (66)

_ 2n“E, 2
to HJQ%HQ%WSV = [1Ewl 16

20°E, 2
QMHQ 2SIkl 6]

~—'1
+ el — . ZLEL i [1 ksl 6]
2 4 n*Eq )
<en(1-21 A-(J )+—5
k:< 751 min Q.k+1 5172 k,1

277251 *Z
+ verl|Ok — 5*”@* k2t 72751@3-

+VerllBe — Oilla.

The last line follows the definition of 1, 5 2 and dy 3. |

Lemma 6 [f a positive sequence {by.} satisfies

Ay
b1 < (1 - k) br, + k3/2 Vb (67)
forall k > K with A1 > 1, Ay, Ag > 0. Then for all k > K,
A
be < 7 (68)

2 — 2
where A4 = max {KbK, <A2+ ?(%;14_(11) A1)A3> }
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Proof We prove this by induction. For k = K,

br Ay
b = — < —. 69
K X K (69)

Now we assume that for k =1 > K , b < %, thenfork =1+1,

A\ Ay AovAy | Ag
b1 <|(1——)— —
= ( l > l 12 12
< (1 A\ Ay AgvAL  Ag Ay Ay
< e -5 — +
l l 12 2 1+1 1+1 (70)
. AV —A1A4 + Ao/ AL+ Ag " Ay
—l(l+1) 12 [+1
< (I —-A)AL+Ao/AL+ A3 Ay
- 12 1+1
Since 1 — A; < 0, using the property of quadratic function we have
(1—A1)A4+A2\/A4+A3 <0, (71)
when \/ ;
Ao+ /A5 +4(A1 —1)As
VAL > 2 . 72
‘= 2(A; — 1) (72)
Therefore b1 < %’ which completes the induction reasoning. |

Appendix D. Bound E [|| E4, Hé |Gx,] with high probability

To bound E |:HE]<;+1 [ \gk} , we first break Ej; in several parts so that we can directly analyze

the elements in each part. Then we apply Chebyshev’s inequality to control the probability of those
elements deviating from theirs expectation for a certain distance. Then with a summable series
of probabilities, we will have that E [||Ek+1 H;l; ygk] is controlled for all & large enough with high
probability.

Since Jg r+1 and Jo g1 are defined in additive forms, it is easier to analyze elements in the
difference of themselves rather than directly analyze Ej.1, which is the difference of inverses.
Therefore we first rewrite Ey, 1. Using the definition of Ej; and the properties of Frobenius

norm,
4

4 ~1 —1
1Ek1llF = || Jgas1 — JC,kJrlHF

4
= | e okt = Jous1) JCE}CHHF (73)

4
_ 4 _
< |Gk | N e = Taws) I [Tk |

4
For the third term H Jé%,€ +1‘ - we recall that Jélk 1 1s deterministic and we give a bound of its

eigenvalue in Lemma 4. Using Lemma 4 and taking d; = 1 we have for k£ > max{m, K; 2(1)}

4 224 4
-1 2414 -1 p sy
[k, = X (o) < Fig i

20
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4
Nevertheless, for the first term )JE }C 41 HF, the method we used in Lemma 4 is not applicable.

And it is still hard to directly analyze the elements in J, }C 41~ However, due to the special structure

of Jc k+1, we are able to bound this term by ||Ck||%, where Cy, is a diagonal matrix and we can then
directly deal with its elements. The bound is obtained by keep using Sherman-Morrison formula
and is concluded in the following lemma.

Lemma 7 If Jc i1 is defined as (11), then for k > m,
-1 )? 2
| ek, tCul- (75)
Proof By (11), Jo k41 = C;l. Therefore,
Jopsr = Cr. (76)
Let QAQ' be the Schur decomposition of Jg}c 41+ @ is positive definite and the columns are given

by ¢i,i = 1,...,p. Recall that p is the dimension of J¢ ;1. X is a diagonal matrix and the diagonal
elements of ¥ is denoted by o (J}, +1)- Then,

p p

okallE =D i (Uah) = D (@Jc k@)
pz*l =1 (77)

<Y (giCrai) < 1Q'CrQIF = IICklF-

i=1
|
Now return to || Ex11]/%. We have
4
4 4 4 —

1Bisale < 11 | ensr — Jowsn) I [Tk ] - (78)

F

4
Remember that we need to take expectation conditioning on G.. The terms ||Cy, |3 and HJ 0 P 41 HF

on the right-hand side are in G; and we only need to consider the conditional expectation of the
term || Jo g1 — JQ k+1 H‘}; If we try to directly calculate it, the fourth power will generate many
cross terms and will entangle the calculations. However, since J¢ ;41 is defined in an additive form
and all the terms expect Xy 1X}_; of Jo 1 are in Gy, we can break || Jopq1 — Jok+1| into
two parts to decouple X1 X ,’C 1 with other terms. We remove the last term of J¢ 41 and Jg k+1
separately and use Jg 1, and Jg  to represent the new matrices:

_ 1 mAk
Jog=Cpt + — Z Xir1-5 Xky1-j5
7= (79)
~ _ mAk
Jor=Qp' + Q«
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Then by definition,
1ekr = Jouilly = e — Jou + Xer1 Xy — QullE )
<2 (Mek = Jould + 1K Xy = QulF) -
The second line follows the inequality of mean. Substitute this into (78),
2
4 4 ¥ = 2 / 2 1 4
1Bl < 4Gk ( |[ew = Tou, + 1XeriXhon = Qull5 ) |[Iake]|,
€29)
- -4 4 3 4
< 8[Cil: (HJc,k — Jau Xk X - @*Hp) |7a5],
Then we take the conditional expectation on both side,
4 4 F e |4
IE[HE%+1HF|gk] <8Ckll ‘JCJ:—wLQ£HP,+vL ‘LLQ&+1HF7 (82)

where L = E [HXk:Jrle/cH — Q*Hé] is a constant.

Now we can deal with the elements in C and jc,k — jQJg. We are going to using Chebyshev’s
inequality to bound the probability of each element being large. Then we will be able to control
E [HEkH”L}w |Qk} for all k large enough with high probability. The following lemma gives the
formal statement.

Lemma 8 Assume that Assumption 2 and 3 hold. For arbitrary small ¢, there exist K5 = K5(0)
and a constant By such that the probability that E [||Ek+1 [ ]Qk] < ,ﬁ;;
than 1 — §.

forall k > K is greater

Proof We first look at the term ||Cy|| . As we mentioned before, we can control the elements of C,
separately. Recall that CY, is a diagonal matrix and for k£ > m,

.o Y
Cklj, j] = pry a———
Dt Xi2, Y

We are going to applying Chebyshev’s inequality, which enables us to control the probability of
a random deviating from its expectation. Instead of directly applying that, we make the following

transformation since we have no idea about the expectation of this reciprocal. Let E[X? j] = [ix, 2
For k > 2m, |

. 4~y . 2~
P i il > <plojj]>—T
( k[] .7] kqu’jQ) < k[] J] (k_m)MXL]-Q)

(83)

_ Y 2y
=P k—m 2

Zi:l X@j (k - m)ﬂxl 12

. (84)

—m 1
(5 ) <)

=1

k—m
1 ) 1

= ( Fom 2y T aas)| > 2“”2) |
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LetU;; = Xl?j — [ix, ;2 By Assumption 1 and 3, for fixed j, U; ;’s are of independent identical
distribution and E[U; ;] = 0, & [Ugj] = vy, < 00, E {U{ﬂ — iy, 4 < oo. Then we apply
Chebyshev’s inequality.

4y
k,UXLj,z

) E |:<klm S Uz‘,j)4]
< :
(3rx1,2)

k—m
>t BU 462 <icochom B [Uig,jUsz,j} (85)
(k — m)4(%ﬂxl’j,2)4

2
SHT,

Huy ;.4
| 7T . i
(k —m)3 (WXLJ_,Q) (k —m)? <§MX1J_72)

We take the fourth moment since we want to construct a summable series of probabilities. Next we

sum up those elements.

242 L1 b o Ay
P Ckl% > <P (UJ{Glid) >+
Hxy ;.2

2 2
k =1 Pxage J=1 ’
2
1 Huy ;.4 1 P 3MU1 2
Py e T i
=1 ghx, 4.2 J=L A\ ghxy ;2
1 P Huy ;.4 P 3“%13 2
(k —m)? Z 1 it Z 1 4
Jj=1 (QMXLJ-Q) J=1 <§,UX1J 2)
(86)
- -4 - . -
Similarly, we do the same procedure on HJC’k —Jok HF Let E = Jo i — Jo k- By (79),
1k
=2 Ui ]=s
~ . i—1
Ek[]u S] = ' k (87)
1 .
— Z (XijXis —E[Xij, Xis]) j#s
v i=k—m-+1

For elements on the diagonal, applying Chebyshev’s inequality we have
2
_ E7/4 1 k E7/4
P\Ej 1 > | =P | 5 (2 Ui | >
( [ ] ,YQ 72 ; 2V 72

E [(Ele Ui,j)“} (88)

- k7/2
Huy 4.4 3“%1’] 2
- k5/2 k3/2



REDUCED K-SGD

The power % is chosen to make sure that the series of probabilities is summable and the bound we get
for E [HEk+1 14 ygk] is in order O(Z) with £ > 2. For j # s, let Vi ;s = Xi; X; s — E[X;; X, 4],

and by Assumption 3 we have EV) ; s = 0, IEVEJ-’S = vy 2 < OO Then,

2
~ L7/4 1 k E7/4
P|Eyj,s?>~— | =P| = Viis)| > —
(0= 5) = (3 (2 v0) > %
2
E [(Z?:km+1(%7j78)) ]
- k7/4

MUy 502

S k7/4

Combine (88) and (89) we can control || E||%,

SO p2k7/4 1 p p .
P ElF > 72 < k3/2 Z#U17J’4+3ZMU1,,j’2+2m Z Pva js02
J=1 J=1

1<j<s<p

Then combining (82), (74), (86) and (90), for k > K, = max{2m, K1 5(1), (y2L)7/*},

B B B
P (B 1Bl 16 > 1555 ) < g + s

where

p p

Be = ZMULJ"‘* T 3Z'u?f1,jv2 +2m Z Hvy a2

j=1 j=1 1<j<s<p
Then using (91) we have for [ > Ky,

P(U {E [HEkHHL}v \gk} > kg?g}) = Z ((k _in)2 + k3/62>
k= k=l

o0 1
< B ——dk
- 5/l (k—m—1)2

> 1
B ——dk
i 6/1 (h— 172
Bs 2Bg

Tlemo1 -2
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Therefore for arbitrary d, let K5 = [max {Qm, Ky, % +m 41, (%)2 + 1}1 Then

> B
P U {E {HEkHH% ‘gk} > kg;l?} < 6. (94)
k=K
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