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Abstract

Understanding the algorithmic regularization effect of stochastic gradient descent (SGD) is one
of the key challenges in modern machine learning and deep learning theory. Most of the existing
works, however, focus on very small or even infinitesimal learning rate regime, and fail to cover
practical scenarios where the learning rate is moderate and annealing. In this paper, we make an
initial attempt to characterize the particular regularization effect of SGD in the moderate learning
rate regime by studying its behavior for optimizing an overparameterized linear regression problem.
In this case, SGD and GD are known to converge to the unique minimum-norm solution; however,
with the moderate and annealing learning rate, we show that they exhibit different directional bias:
SGD converges along the large eigenvalue directions of the data matrix, while GD goes after the
small eigenvalue directions. Furthermore, we show that such directional bias does matter when
early stopping is adopted, where the SGD output achieves nearly optimal estimation error but the
GD output is only suboptimal.

1. Introduction

Stochastic gradient descent (SGD) and its variants play a key role in training deep learning models.
From the optimization perspective, SGD is favorable in many aspects, e.g., scalability for large-scale
models [13], parallelizability with big training data [9], and rich theory for its convergence [7, 8].
From the learning perspective, more surprisingly, overparameterized deep nets trained by SGD
usually generalize well, even in the absence of explicit regularizers [20, 34, 35]. This suggests that
SGD favors certain “good” solutions among the numerous global optima of the overparameterized
model. Such phenomenon is attributed to the implicit regularization effect of SGD. It remains one of
the key theoretical challenges to characterize the algorithmic bias of SGD, especially with moderate
and annealing learning rate as typically used in practice [13, 20].

In the small learning rate regime, the regularization effect of SGD is relatively well understood,
thanks to the recent advances on the implicit bias of gradient descent (GD) [1, 3, 6, 10-12, 17—
19, 23, 25-27, 31]. According to classical stochastic approximation theory [21], with a sufficiently
small learning rate, the randomness in SGD is negligible (which scales with learning rate), and as a
consequence SGD will behave highly similar to its deterministic counterpart, i.e., GD. Based on this
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fact, the regularization effect of SGD with small learning rate can be understood through that of GD.
Take linear models for example, GD has been shown to be biased towards max-margin/minimum-
norm solutions depending on the problem setups [1, 11, 31]; correspondingly, follow-ups show that
SGD with small learning rate has the same bias (up to certain small uncertainty governed by the
learning rate) [2, 11, 28].

However, the regularization theory for SGD with small learning rate cannot explain the ben-
efits of SGD in the moderate learning rate regime, where the initial learning rate is moderate
and followed by annealing [16, 22, 24, 29]. In particular, empirical studies show that, in the
moderate learning rate regime, (small batch) SGD generalizes much better than GD/large batch
SGD [15, 20, 34, 36]. This observation implies that, instead of imitating the bias of GD as in the
small learning rate regime, SGD in the moderate learning rate regime admits superior bias than
GD — it requires a dedicated characterization for the implicit regularization effect of SGD with
moderate learning rate.

In this paper, we reveal a particular regularization effect of SGD with moderate learning rate
that involves convergence direction. In specific, we consider an overparameterized linear regres-
sion model learned by SGD/GD. In this setting, SGD and GD are known to converge to the unique
minimum-norm solution [11] (see also Section 2.1). However, with a moderate and annealing learn-
ing rate, we show that SGD and GD favor different convergence directions: SGD converges along
the large eigenvalue directions of the data matrix; in contrast, GD goes after the small eigenvalue
directions. Furthermore, we show the particular directional bias of SGD with moderate learning
rate benefits generalization when early stopping is used. This is because converging along the large
eigenvalue directions (SGD) leads to solutions with nearly optimal estimation error, while con-
verging along the small eigenvalue directions (GD) can only give suboptimal solutions. To our
knowledge, these results initiate the regularization theory for SGD in the moderate learning rate
regime, and complement existing results for the small learning rate.

2. Preliminary

Let (z,9) € R? x R be a pair of d-dimensional feature vector and 1-dimensional label. We consider
a linear regression problem with square loss defined as £(x, y; w) := (w' 2 —y)?, where w € R is
the model parameter. Let D be the population distribution over (z, y), then the test loss is Lp(w) :=
E(y)~p [0(z,y;w)] . Let S := {(w4, i) }i=, be a training set of n data points drawn i.i.d. from the
population distribution D. Then the training/empirical loss is defined as the average of the individual
loss over all training data points, Ls(w) := £ 3" | ¢;(w), where {;(w) := {(z;, y;;w) = (w' z; —
yi)2. We use {7y} to denote a learning rate scheme (LR). Then gradient descent (GD) iteratively

performs the following update:
Wit1 = wi — M V Ls(wg,) —wk——z.’tz T Wy — ;). (GD)

Next we introduce mini-batch stochastic gradient descent (SGD). Let b be the batch size. For sim-
plicity suppose n = mb for an integer m (number of mini-batches). Then at each epoch, SGD first
randomly partitions the training set into m disjoint mini-batches with size b, and then sequentially
performs m updates using the stochastic gradients calculated over the m mini-batches. Specif-
ically, at the k-th epoch, let the mini-batch index sets be B'f , BS, .. Bk , where \Bﬂ = b and
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U;":l Bé? = {1,2,...,n}, then SGD takes m updates as follows

M 2y, .
Wi+t = Whyj = > > Vili(wey) = wp;— 5 > @iz wej—w), j=1,...,m. (SGD)
icBl icBy

We also write wy41 = Wk, m+1 and wy, = wy, 1 to be consistent with notations in (GD).

2.1. The minimum-norm bias

Before presenting our results on the directional bias, let us first recap the well-known minimum-
norm bias for SGD/GD optimizing linear regression problem [4, 5, 11]. We rewrite the training loss
as Ls(w) = 1 || XTw-Y| 3, where X = (21,...,2,) € R®”" and Y = (y1,...,yn)' € R™
Then its global minima are given by W, := {w eRY: Pw= PY} , where P is the projection
operator onto the data manifold, i.e., the column space of X. We focus on overparameterized cases
where W, contains multiple elements.

Notice that every gradient V ¢;(w) = Qxi(a:;rw —1y;) is spanned in the data manifold, thus (GD)
and (SGD) can never move along the direction that is orthogonal to the data manifold. In other
words, (GD) and (SGD) implicitly admit the following hypothesis class:

Hs = {w e R*: PLw = Py}, (1)

where wy is the initialization and P} = I — P is the projection operator onto the orthogonal
complement to the column space of X.
Putting things together, for any global optimum w € W, (hence Pw = PY’), we have

lw —woll3 = [[Pw — Pwoll3 + ||[PLw — Prwglls = [|PY — Pwolf5 + ||[PLw — Prwolf3,

where the right hand side is minimized when P, w = P, wy, i.e., w € Hg, thus w is the solution
found by SGD/GD in the non-degenerated cases (when the learning rate is set properly so that the
algorithms can find a global optimum). In sum, SGD/GD is biased to find the global optimum that
is closest to the initialization, which is referred as the “minimum-norm” bias in literature since the
initialization is usually set to be zero.

3. Main Theory

In this section we present our main theoretical results. The proofs are deferred to Appendix B.

We specify the population distribution of (z,3) € R? x R in the following manner: (1) we
consider the feature vector given by x = ( - £, where ¢ € R! is a magnitude random variable
that takes value in (0,1], and ¢ € R? is an angle random variable that follows a sphere uniform
distribution, i.e., & ~ U(S?1); (2) we consider a realizable setting where the label is given by
y = w, z, i.e., there exists a true parameter w, € R? that generates the label from the feature
vector. Then the test loss is Lp(w) = E, ,p [(w — w) Tz (w—w)] = pllw-— w*||§,
where p = E[¢]/d. For an i.i.d. generated training set S = {(z;, ;) },,. the training loss and the
individual losses are
Ls(w) =L (w—w)" XXT (w—wy), Lw)=w-—w)" rix] (w—w.), i=1,...,n,

n
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where X = (z1,...,2,). We denote by P the projection operator onto the column space of X (the
data manifold). For i € [n], we denote \; := ||z;||3. By the previous data generalization process, we
have \; € (0, 1]. Without loss of generality, we assume {)‘i}ie[n} are sorted in a descending order,
i.e., Ay > Ay > --- > \,. With the these preparations, we are ready to state our main theorems.

3.1. The directional bias of SGD

We first present Theorems 1 and 2 that characterize the different directional biases of SGD and GD
in the moderate learning rate regime.

Theorem 1 (The directional bias of SGD with moderate LR, informal) Suppose d > poly (n),
A1 > Aa+o0 (1) and Ny, > o (1), where o (1) is a small positive constant depending on n/d, and the
initialization is away from w,. Consider (SGD) with the following moderate learning rate scheme

b b _ .
T = ne (/\170(1), m), k=1,...,k; @
n € (0, %), k=Fk +1,... ko

Then for € = o (1), there exist k1 > O (log(1/¢)) and ko, such that with high probability the output
of SGD w*8 satisfies

(P(wsed — w*))T CXXT P (wed —w,)

2
1P (weed —w.)|l3

(I—¢)-m< <71, 3)

where 71 is the largest eigenvalue of the data matrix X X T.

Theorem 2 (The directional bias of GD with moderate or small LR, informal) Suppose d > poly (n),
An—1 > Ap+0(1) and A, > o (1), where o (1) is a small positive constant depending on n/d, and
the initialization is away from w,. Consider (GD) with the following moderate or small learning

rate scheme n

_ k=1,... ko. 4
YIRS (07 2)\1_1_0(1))7 ; y V2 ()

Then for any € > 0, if ka > O (log %) , then with high probability the output of GD w89 satisfies

(P(wsd —w,)) " - XXT - P (w8 — w,)

2
1P (wed —w.)ll3

T < < (1+¢€) -y, (5)

where 7y, is the smallest eigenvalue of the data matrix X X ' restricted in the column space of X.

Remark 1 As the Rayleigh quotient (3) (resp. (5)) converges to its maximum (resp. minimum), the
vector gets closer to the eigenvector of the largest (resp. smallest) eigenvalue [32]. Thus Theorems 1
and 2 suggest that, when projected onto the data manifold, SGD and GD converge to the optimum
along the largest and smallest eigenvalue direction respectively. Here we are only interested in the
projection onto the data manifold, since SGD/GD cannot move along the direction that is orthogonal
to the data manifold as discussed in Section 2.1.
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Remark 2 We legitimately assume b < n/2 — o (1) since it is not very meaningful to discuss
SGD that uses more than (roughly) half of the training set as a mini-batch. Then the learning
rate schedule in (2) intersects with that in (4), i.e., (4) covers both moderate and small learning rate
schemes. And their intersection determines a moderate learning rate scheme, where SGD converges
along the large eigenvalue directions while GD goes after the small eigenvalue directions. This
Jjustifies the regularization effect of SGD with moderate learning rate.

Remark 3 Technically, in Theorem 1 one can set b = n to include GD as a special case, so that
GD also follows the large eigenvalue directions. However, the initial learning rate in (2) needs to
be at least )\ﬂl > n ignoring the small order term, which is way too large to be even numerically
stable in practical big data circumstances. The typical learning rate for GD falls into learning rate
schedule in (4). Thus it follows the small eigenvalue directions according to Theorem 2.

Note GD with small learning rate also converges along the small eigenvalue directions, since the
learning rate schedule in (4) covers the small learning rate scheme. In complement, the following
Theorem 3 shows that in the small learning rate regime, SGD is imitating GD and converges along
the small eigenvalue directions as well. Theorems 1, 2 and 3 together show that, converging along
the large eigenvalue directions is a distinct regularization effect that is unique to SGD with moderate
learning rate.

Theorem 3 (The directional bias of SGD with small LR, informal) Theorem 2 applies to (SGD)
with the following small learning rate scheme

b
()), k=1,... ko (6)

_ /
ke =1 €<0’ A +o(1

3.2. Effects of the directional bias

Next we justify the benefit of the particular directional bias of SGD with moderate learning rate.
Recall the hypothesis class Hs (Eq. (1)) for SGD and GD. Then for an algorithm with output w?®#,
we have the following generalization error decomposition [30],

Lp(w®) —inf Lp(w) = Lp(w™®) — inf Lp(w')+ inf Lp(w') —inf Lp(w).
w w'eHs w'e€Hs w

A(walg), estimation error approximation error

The approximate error is an intrinsic error determined by the hypothesis class, and is not improvable
unless enlarging the hypothesis class. In contrast, the estimation error A(w®®) is determined by
the algorithm as well as its hyperparameters. Thus, in the following theorem, we use the estimation
error to compare the generalization performance of the SGD and GD outputs in different learning
rate regimes.

Theorem 4 (Effects of the directional bias, informal) Let W, := {w € Hs : Ls(w) = o} be

an «a-level set of the training loss Ls(w). Let A}, := inf,cyy, A(w) be the minimum estimation

error within the a-level set W,,. Under the same conditions as Theorems I and 2, if b < % —o(1),

then there exists k1 and ko such that with high probability:

s The output of (SGD) with moderate LR (2) satisfies A(w8) < (1 + ¢€) - AL, where « is the
training loss of w8, and e = o (1) is a small constant;
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* The output of (GD) with moderate or small LR (4) satisfies A(wgd) > M - A}, where « is the
training loss of w8, and M = ~1 /v, — o (1) > 1 is a constant;

s The output of (SGD) with small LR (6) satisfies A(w*8%) > M - A% where « is the training loss
of w8, and M = ~1 /v, — o (1) > 1 is a constant.

Remark 4 In practice it is usually intractable and unnecessary to achieve the exact global minima
of the training loss; instead we often early stop the algorithm once obtaining a small enough training
loss, i.e., reaching an «a-level set. In this case, Theorem 4 guarantees SGD with moderate learning
is nearly optimal in terms of estimation error, but GD and SGD with small learning rate is only
suboptimal.

4. Conclusion

We characterize a distinct directional regularization effect of SGD with moderate learning rate,
where SGD converges along the large eigenvalue directions of the data matrix. In contrast, neither
GD nor SGD with small learning rate can achieve this effect. Moreover, we show this directional
bias benefits generalization when early stopping is adopted.
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Appendix A. Preliminary for Appendix
A.1. Additional notations

We adopt the notations and settings in main text. In addition we make the following notations.
For a vector = € RY, denote its direction as T := ﬁ For simplicity assume the training data
2

{x1,...,x,} are linear independent. For training data z;, 7 € [n], we denote \; = ||z;|5, then by
construction we have A; € (0, 1]. Without loss of generality let \; > - -- > \,,. We define

X :=(z1,...,2,) € R,
X_1:= (w9, 23,...,2,) € RIx(n—1),
Then based on the above definitions, we define the following two projection operators
P=XX"X)"1xT,
P =1-P
Clearly for any v € R?, Puv projects v onto subspace span {z1, . .., z, }, while P| v projects v onto

the orthogonal complement of span {x1, ..., z,}. Furthermore we introduce two more projection
operators

Poy=X_q (X x )X,
P=P-P =1—-P —P_,.
For any v € R?, P_v projects v onto subspace span {xs, ..., z, }, while Pjv projects v into the
orthogonal complement of span {xs, . .., x,} with respect to span {x1, ..., x,}. In the following,
we often write the column space of P, which refers to { Pv:ve Rd}, similarly for P_;, P, and
P, as well. Clearly the column space of P is also span {z1,...,x,}; the column space of P_; is
also the data manifold span {z, ..., z,}. We highlight that the total space R? can be decomposed
as the direct sum of the column space of P_;, P, and P, ,i.e., [ = P_; + P; + P, . By definition,
it is easy to verify that
P X =0,
PX =X,
PlX = (Plxl,O, e ,0) s
P_lX = (P_lxl, T2y ... ,.f(,'n> .
Then we define the following matrices which will be repeatedly used in the subsequent proof.
H:=XX",
H_ | := (P X)(P1X)T,
H, = (P X)(PX)T,
H. .= (P_lxl)(Plxl)T + (Plxl)(P_liL‘l)T.
Based on the above definitions, it is easy to show that
H=(PX+P_ X)(PLX+P_ X"
= (P X)(PX)" + (AX)(PX)" + (PLX)(P1X)' + (P X)(PX)"
=H_ 1+ H+H..
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A.2. Lemmas

We present the following theorems and lemmas as preparation for our analysis.

Theorem [Gershgorin circle theorem, restated for symmetric matrix] Let A € R™*"™ be a symmet-
ric matrix. Let A;; be the entry in the i-th row and the j-th column. Let

Ri(A):=> |Ayl, i=1,...,n.
J#i

Consider n Gershgorin discs
Dz(A) = {Z € R, |Z — A”’ < RZ(A)}, 1=1,...,n.

The eigenvalues of A are in the union of Gershgorin discs

Furthermore, if the union of k of the n discs that comprise G(A) forms a set Gy (A) that is disjoint
from the remaining n — k discs, then G;(A) contains exactly k eigenvalues of A, counted according
to their algebraic multiplicities.

Proof See, e.g., Horn and Johnson [14], Chap 6.1, Theorem 6.1.1. |

Theorem [Hoffiman-Wielandt theorem, restated for symmetric matrix] Let A, E € R™*" be sym-
metric. Let A1, ..., A\, be the eigenvalues of A, arranged in decreasing order. Let \1, . . ., A\, be the
eigenvalues of A + E, arranged in decreasing order. Then

n
Z‘)\i - )\i‘Q < |El%.
i=1
Proof See, e.g., Horn and Johnson [14], Chapter 6.3, Theorem 6.3.5 and Corollary 6.3.8. [ |

Lemma 1 Let d > 41og(2n?/6) for some § € (0, 1). Then with probability at least 1 — §, we have

~ /1
T, x| <t =0—], 11#].
31,3 (). 7
Proof See Section C.1. [ ]

By Lemma 1 we can assume d > poly (n) such that ne is sufficiently small depends on require-
ments.

The following two lemmas characterize the projected components of each training data onto the
column space of P, P_1,and P, .

Lemma 2 For x; # x1, we have

10
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b P_lfl‘j = :Ej;

e Pixj=0;
e P 1Ty = 0.
Proof These are by the construction of the projection operators. |

Lemma 3 Assume \/n. < 1/4. With probability at least 1 — §, we have
* 0 < [|P_1Z1]]2 < 2¢/nu;

« VI—dn? < ||z, < 1

e Pix1=0.

Proof See Section C.2. |
The following four lemmas characterize the spectrum of the matrices H, H_1, H; and H..
Lemma4 Let~y,...,7, be the n non-zero eigenvalues of H := X X in decreasing order. then
A=t <Y1y, Y < A+ ne.

Furthermore, if there exist A, and \yp41 such that A, > A\p+1 + 214, then
A= < Vg lye s Yn S Argp1 F 0 < A — 0 <1,y <AL+ N

Proof See Section C.3. |

Lemma 5 Assume )\, > 3ni. Consider the symmetric matrix H_; := P_1 X (P_1X)" € R,

* 0 is an eigenvalue of H_1 with algebraic multiplicity being d — n + 1, and its corresponding
eigenspace is the column space of P, + P, .

* Restricted in the column space of P_1, the n — 1 eigenvalues of H_1 belong to

(A —ne, A2 +ne).

Proof See Section C.4. |

Lemma 6 Consider matrix H; := PLX (P, X)" € R%? We have Hy has only one non-zero
eigenvalue, which belongs to

A1 (1 —4ne?), M)

Moreover, the corresponding eigenspace is the column space of P1, which is 1-dim.

11
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Proof Clearly H; is rank-1 since the column space of P; is 1-dim. Thus it has only one non-zero
eigenvalue, which is given by

n
tr(Hy) =Y | Pl = [ Puall € [M (1 —4ne®), M,
=1

where the last equality follows from Lemma 3. |

Lemma 7 Consider matrix H, := (P—1$1)(P1x1)T + (P1371)(P_1w1)T c Rixd
[Helly < 2XM1 |[P-1Z1]ly < 4v/ne.

Proof
[Helly < 2[|Po1z1lly - | Prally < 20 [[Po1Zyly < 4v/me,

where the last equality follows from Lemma 3 and \; < 1.

|
Appendix B. Missing Proofs for the Theorems in Main Text
B.1. The directional bias of SGD with moderate learning rate
Reloading notations Let 7% := {B'f, cees Bfn} be a randomly chosen uniform m-partition of [n],

where n = mb. Then the SGD iterates at the k-th epoch can be formulated as:
B 21 T _
Whj+1 = Whj = =~ Z riw; (W —wy), j=1,...,m,
icBY

where we assume that the learning rate is fixed within each epoch. Note here 7* is independently

and randomly chosen at each epoch. For simplicity we often ignore the epoch-indicator k, and write
the uniform partition as 7w := {Bi, ..., B,,} . It is clear from context that 7 is random over epochs.
For a mini-batch B; € 7, we denote H(B;) := Ziij iz, .

Considering translating the variable by

V=W — Wy,

then we can reformulate the SGD update rule as

2 2 )
Vk,j+1 = Vk,j — %H(Bj)vk,j = (I - zkH<Bj)> Vg, J=1L1...,m. (N

Let

- <I - QZI“H(Bm)> - <I - 2ZkH(Bm_1)) <1 - 2ZkH(Bl)> .

12
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Here the matrix production over a sequence of matrices {MZ € ]RdXd};n:1 is defined from the left
to right with descending index,

m
[ o= M x My x -+ x M.
j=1

Let vp41 = Ukm41 and vy = vg 1. Then we can further reformulate Eq. (7) and obtain the epoch-
wise update of SGD as

2 2 2
Vki1 = <I - Z’“H(Bm)> : <I - Z’“H(Bml)> (1 - ZkH(Bl)> vp = Myvp. (8)

In light of the notion of v, the following lemma restates the related notations of loss functions,
hypothesis class, level set, and estimation error defined in Section 2 and 3.

Lemma 8 (Reloading SGD notations) Regarding repramaterization v = w — w,, we can reload
the following related notations:

* Empirical loss and population loss are

= %(Plv)THl(Plv) + %(P_lv)TH_l(P_lv) + %(PU)THC(PU),
Lp(v) = |Jv]f3 -

LS(U)

» The hypothesis class is
HS:{’UEIRdIPJ_U:PJ_’UQ}.

e The a-level set is
V= {U € Hs: LS(U) = a}.

e Forv € Hg, the estimation error is
2
A(v) = pl[Pvll3.

Moreover, ney
A, = inf A(v) = Hne
veY Y1

Proof See Section C.5. n
Based on the above definitions, the following lemma characterizes the one-step update of SGD.

Lemma 9 (One step SGD update) Consider the j-th SGD update at the k-th epoch as given by
Eq. (7). Set the learning rate be constant n during that epoch. Then for j = 1,...,m we have

<P1v,w-+1 ) _ <I— 2P H(B;)PL  —2PH(B;)P- > . <Pwk,j )
Pfl’l)k’j_H —?P_lH(Bj)Pl I— ?np_lH(Bj)P_l Pfl’UkJ‘

Moreover, if 1 ¢ Bj, i.e., x1 is not used in the j-the step, then
< Plvk7j+1 ) _ <I O > . (Plvk’j >
P_lkaJrl 0 I-— 2%7‘l:)_l.[’.r(B]‘)P_l P—lvk,j

13
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Proof See Section C.6. |

Eq. (8) indicates the key to analyze the convergence of v 1 is to characterize the spectrum of
the matrix M. In particular the following lemma bounds the spectrum of M when projected onto
the column space of P_;.

Lemma 10 Suppose 3nt < \,. Suppose 0 < n < ﬁ. Let w := {Bu,..., By} be a uniform
m partition of index set [n], where n = mb. Consider the following d x d matrix

m
2n dxd
M_q:= H <I — bP—lH(Bj)P—1> € R4*.
7j=1
Then for the spectrum of MLM% we have:

s 1is an eigenvalue of M| M_1 with multiplicity being d — n + 1; moreover, the corresponding
eigenspace is the column space of P, + P, .

* Restricted in the column space of P_i, the eigenvalues of Mil./\/l_l are upper bounded by
(q-1(n)? < 1, where

b

2 3 2
q-1(n) ::max{‘l—n(z\2+m)‘+ nm’ ‘ ;7 2

B 1—(/\n—m)‘—|—3nm}<1.

Proof See Section C.7. |
Consider the projections of v onto the column space of P_; and P;. For simplicity let
Ap == ||Po1vglly,  Br = [[Progll, -
The following lemma controls the update of Ay and By.

Lemma 11 (Update rules for A and By) Suppose 3nt < A,. Suppose 0 < n < ﬁ Con-
sider the k-th epoch of SGD iterates given by Eq. (8). Set the learning rate in this epoch to be
constant 1. Denote

dny/nit
£(n) = *bf :
20 )
qi(n) = ‘1— %lexlng ,
2 2
g-1(n) = max{‘l — %7(/\2 + )| + 3"bm, '1 _ %(An S 37an} .

Then we have the following:
* App1 < q-1(n) - Ax +£(n) - Br.
* Bryr <qu(n) - Be +£(n) - Ap.-
* Biy1 = qi(n) - B — &(n) - Ay

14
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Proof See Section C.8. |

Note we can rephrase the update rules for Ay and By, as

<Ak+1> < <Q—1(77) 5(77)> . <Ak>
Beyi) —\ &) a(n) By)’
where “<” means “entry-wisely smaller than”.

The following two lemmas characterize the long run behaviors of Ay and Bj with different
learning rate.

Lemma 12 (The long run behavior of SGD with moderate LR) Suppose 3nt < A, and o +
dne < A1. Suppose vg is far away from 0. Consider the first k1 epochs of SGD iterates given by
Eq. (8). Set the learning rate during this stage to be constant, i.e., i, = n for 0 < k < ky. Suppose

b b
/\1—3\/ﬁa<77< Ao+ 3ne

Then for 0 < ¢ < 1and 0 < B < By < By satisfying \/n. < poly (ef3), there exists k1 >
(@) <log %) such that

® Aklge-ﬁ.
* By, < |IPuolly - pf* + 5 8= poly (&)
e Forallk =0,1,...,k1, Br > Bo.

Proof See Section C.9. [ |

Lemma 13 (The long run behavior of SGD with small LR) Suppose 3n. < A, and Ao +4nt <
1. Suppose vy is far away from 0. Consider another ko —k1 epochs of SGD iterates given by Eq. (8).
Set the learning rate to be constant during the updates, i.e., i, = 1’ for ki < k < ko. Suppose

b
0<77/<E'

Consider the € and 3 given in Lemma 12. Then for k > ki, we have

® Ak <e- ,8
-Br_1, Br—1 >0, .
* B < 42k k1> P where q € (0, 1) is a constant.
57 Bk*l < ﬂ
Proof See Section C.10. n
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Theorem 5 (Theorem 1, formal version) Suppose 3n. < A\, and Ao + 4nt < A1. Suppose vg is
away from 0. Consider the SGD iterates given by Eq. (8) with the following moderate learning rate
scheme

b b B _
= me ()\1—3\/ﬁb’ >\2+37u) s k=1, k
Nk = , b B
776(03 2)\1>7 k—kl"‘l,...,]{;Q,

Then for 0 < € < 1 such that \/nt < poly (¢) , there exist ky > O (log %) and ko such that

(1—€)-m< %S%

Proof We choose k1 and ks as in Lemma 12 and Lemma 13 with S set as a small constant, then we

are guaranteed to have
Ay, <€-B <€ By,,

from where we have

HPlvk2||§ _ Bl%z 1 >1_
|Pos,|l; AR, + B, 1+

Then we have
ve vk (Prog) TH(Proy) | (Poavig) THA(Poao,) - (Poy) THe(Pur,)
2 2 2 2
| Pk, 3 | Pk, 3 [ | o, 13

> A (1 - 4ni?) - |”Pl”’“2’H2 +0—4y/m
ko

> A (1—4n?) - (1— €2 — 4y
> (y —me)(1 —4n?) - (1 — €2) — 4y (since y; < A1 + ne by Lemma 4)

gl
= (1 —4n®)(1 — €%) — ne(1 — 4n®) (1 — €%) — 4/t
> ~1(1 —0.5¢) — 0.571€ (since v/ne < poly (¢))
=n(l—e)

Theorem 6 (Theorem 4 first part, formal version) Suppose 3nt < A, and \g + 4nt < 1. Sup-
pose vy is away from 0. Consider the SGD iterates given by Eq. (8) with the following moderate
learning rate schedule

b b _ _
_ ne (>\1_3\/ﬁb7 >\2+3m)’ k=1,... k;
Nk = , b B
e (0 5% ), k=ki+1,... k.

Then for 0 < € < 1 satisfying \/nt < poly (€), there exist k1 and ko such that SGD outputs an
e-optimal solution.

16
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Proof We set

no
=4/ )
Ba!

Bo= /= > B, (10)
Yn

and apply Lemma 12 to choose a k; such that

no

[P-1vp [l < €-B=e€-y[—; 1D
gi!
[Prolly > Bo = /2=, VO <k <k (12)
Tn
Thus forall 0 < k < kq,
1
Ls(vg) = E(PUR)TXXT(PU/C)
> In HkaHg (7 is the smallest eigenvalue of X X | in the column space of P)
n
Tn 2
> —||P
2 - 1Proe;

> a, (by Eq. (12))

which implies SGD cannot reach the a-level set during the iteration of first stage, i.e., SGD does
not terminate in this stage.

We thus consider the second stage. From Lemma 13 we know || Pjvg,, ||, will keep decreasing
before being smaller than 3, and || P_jvg]|, stays small during this period, i.e., SGD fits Pjv while
in the same time does not mess up P_;v. Mathematically speaking, there exists ks and « such that

no
Apy = [[Paavgy|l; <e-B=e- Vo

LS (Uk:g) = Q,
which implies SGD terminates at the ko-th epoch. Then by Lemmas 3 and 8, we have

no = nLs(vg,)
= (Piug,) " Hi(Pyvg,) + (Poyvg,) T Ha(P_1vp,) + (Pug,) " Ho(Puy,)
(Prkyn) " Hi(Pivgyn) — P21 - [|Pogynlf3
(M — ) By, — 4nd®(A;, + BE)
> (nm — 3m)B,%2 - 4m2Az2,

AV,

which yields

2 42
B <na+4m Aj, < <1+e)'na
g

ko = P

Y1 — 3ne 2

17
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Then we can bound the estimation error as

2
A(vgy) = || Puryl3
= u(Bg, + Ar,)
< (1+E).@+62.@
2 71 901
<(l+¢e)- Hna
7
= (1+€) 'A*a

where we use the fact that A, = pna/~; from Lemma 8. Hence SGD is e-near optimal.

B.2. The directional bias of GD with moderate or small learning rate

Reloading notations Denote the eigenvalue decomposition of X X | as
XXT=@GrGa’, 1= diag (71, -+, ¥, 0,...,0), G =(g1,---1Gny---,9d)

where G € R4 is orthonormal, and 71, . . ., y,, are given by Lemma 4.
Clearly, span{gi,...,gn} = span{z1,...,x,} . Let

G=(g1,--59n), GL=(9nt1,---:94),

then
P = GHG[, P =G.G].

Recall the GD iterates at the k-th epoch:
W] = W — 2%XXT (w — wy) .
Considering translating then rotating the variable as,
u=G"(w—w,),
then we can reformulate the GD iterates as

2 2
Upy] = Uk — %Fuk = (I — Zkl—‘) Uk - (13)

We present the following lemma to reload the related notations regarding the parameterization
_ T
u=G"(w—wy).

Lemma 14 (Reloading GD notations) Regarding reparametrization v = G (w — w,), we can
reload the following related notations:

» Empirical loss and population loss are
N @) 2
Ls) = 3o («®)", Lotw) = plul}.
1=

18
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* The hypothesis class is
Hs = {uGRd:u(i) :uéi), forz':n+1,...,d}.

e The a-level set is
U={ueMty,:Ls(u)=a}.

e Foru € Hg, the estimation error is

=1
Moreover, no
A, = M
71
Proof See Section C.11. [ ]

The following lemma sovles GD iterates in Eq. (13).
Lemma 15 Fort=20,...,T,
o [T (1-22) wf), 1<i<n
uk _{u[()i), n+1<i3<d.
Proof This is by directly solving Eq. (13) where I" is diagonal. |

Theorem 7 (Theorem 2, formal version) Suppose A, + 2nt < A\,_1. Suppose ug is away from
0. Consider the GD iterates given by Eq. (13) with learning rate scheme

n
el0, —— .
Tk ( 21 + 2m>
Then fore € (0,1), if k > O (log %) , then we have

-
u, I'u
Yo < —EF < (14€) .

> i (“1(;))

27i
n

Proof Fori = 1,...,n, denote ¢;(n) = 1 — -m, where n € (O, m) . Then we have
0 < gi(n) < 1since

TS0 ) S 2m Ty
where the second inequality follows from v; < A; +n¢ by Lemma 4. Furthermore, since A\, +n¢ <
An—1 — nt, Lemma 4 gives us

0<Y <Ym-1<---<m <1, (14)
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which implies

1> gn(n) > gn-1(n) = --- 2 q1(n) >0 (15)
Moreover,
2y,
fp) = a0 _ 1= i
an(n) 1-— 2%77
is increasing, let ¢ = max;,, e f(n), then ¢ < 1 by our assumption on the learning rate.
From Lemma 15 we have
u](cl) - H Q’L(Tlt) : u(()l)a 1= 17 , (16)
t=0
By the assumption that
(n)y2
X IOg ’YZG(U()( )Z )2 )
n P —
e A Y A 17
2 log q €
we have
> (u(i))Q n—1 / (i)\2
(u”)? = ")
n=l rrk-1 2 (,, (2
ITizo @i(ne)” - (ug”)
=14+ 1= (by Eq. (16))
k—
=10 ann)? - (ug”)
Sy <u(i))2 n—1k—1 q
i = ST
(Uo ) i—1 1=0 ¢
N 2
Sy (uf”)
<1+ Z— H -1 m (by Eq. (15))
(“o i )’
n (z’))2
<1+ —Zz:l (UO n- q2]€
(ug")?
<1+ %6 (by Eq. (17))
which further yields
(n)y2
1> (”’f), e Tl _m, (18)
> i (“1@) e n

20
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By the above inequalities we have

u;—Fuk _ "~
> i (“/(;))2 ; > i (“?)

< Yo %e v (byEq.(13))
=Tn" (1 +6)'

-
Finally we note that — 1

5\ = n since 7y, is the smallest in {;};_ ;. -
ity (uy

Theorem 8 (Theorem 4 second part, formal version) Suppose A\, + 2nt < \,—1. Suppose ug is
away from 0. Consider the GD iterates given by Eq. (13) with learning rate scheme

n
€0, =—— ).
Tk ( 20 + 2m>

Then for e € (0,1), if k > O (log %) ,» then GD outputs an M -suboptimal solution, where M =
;’—:L(l —€) > 1is a constant.

Proof Consider an a-level set where
1
a = Lg(ug) = —u;—Fuk. (19)
n

From Lemma 15 we know Ls(ug) is monotonic decreasing thus GD cannot terminate before the
k-epoch, i.e., the output of GD is wg.
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Thus
n (@)
A i (“k )
A(?) = ‘ — (by Lemma 14)
()
X (o) (by Eq. (19))
1
. by Theorem 7
ZM 1+ ) (by )
i
> —(1-€
B ’Yn( )
=: M,
where we have M > 1 by lettinge < 1 — 1= |

Y1

B.3. The directional bias of SGD with small learning rate
We analyze SGD with small learning rate by repeating the arguments in previous two sections.
Let us denote X_,, := (x1,x2,...,2,—1) and
P_,= X—n(X——rnX—n)_lX——rn
P,=P—-P_,.
That is, P_,, is the projection onto the column space of X_, and P, is the projection onto the

orthogonal complement of the column space of X _,, with respect to the column space of X.
Let us reload

H:=XX",
H_, = (P_,X)(P_,X)",
H, = (P,X)(P,X)",
H, = (P,nmn)(ann)T + (ann)(P,nmn)T.
Then
H=H_,+H,+ H..

Following a routine check we can reload the following lemmas.

Lemma 16 (Variant of Lemma 10) Suppose 3nt < \,. Suppose 0 < n < ﬁ. Let m :=
{Bi1,...,By} be a uniform m partition of index set [n], where n = mb. Consider the following
d x d matrix

R s o 2£ . dxd
M, ._jl'[1 <I ; P_nH(B])P_n> € R,

Then for the spectrum of /\/lj_—n/\/lfn we have:
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s 1is an eigenvalue of M, M_,, with multiplicity being d — n + 1; moreover, the corresponding
eigenspace is the column space of P, + P, .

* Restricted in the column space of P_,, the eigenvalues of MInM_n are upper bounded by
(g—n(n))? < 1, where

2 3 2 3
q—n(n) ::max{‘l—:()\l+nb)‘+ 7277L7 ‘1—1)7]()\n_1—m)’+ TZ?L}<1.
Proof This is by a routine check of the proof of Lemma 10. m

Consider the projections of vy, onto the column space of P_,, and P,,. For simplicity we reload

the following notations
Ap = |P_qvilly,  Br = [|[Pavilly -

The following lemma controls the update of A and By.
Lemma 17 (Variant of Lemma 11) Suppose 3nt < \,. Suppose 0 < n < ﬁ. Consider the

k-th epoch of SGD iterates given by Eq. (8). Set the learning rate in this epoch to be constant 1.
Denote

gn) o= TV
anln) = 1= 25 P 1.
q—n(n) = max{‘l - 2%7()\1 + m)’ + 377{;77L’ ’1 - 2%7(/\,1_1 —nu)| + 37;:”} <1

Then we have the following:

* Ap1 < qn(n) - Ag +&(n) - By

* Br1 < qn(n) - Be +£(n) - Ag.

* Br1 2 qn(n) - Br —&(n) - Ag.
Proof This is by a routine check of the proof of Lemma 11. |

Lemma 18 (Variant of Lemma 13) Suppose 3n. < A\, and A\, + 4nt < A\,_1. Consider the SGD
iterates given by Eq. (8) with the following small learning rate scheme

b
= —_ k=1,... ko.
Nk n e <07 2>\1+2nb>7 ) 5y V2

Then for 0 < € < 1 satisfying \/n. < poly (€) , if ko > O (log %) , then 2—22 <e
2
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b

Proof From the assumption we have 1’ < 57 and ' < % thus

2(A1+ne)
= () = Y™
= 0a01) = 1= 22 P
=12 b
<1l- Wn', (since HPni*an > 1 — 4n.? by reloading Lemma 3 )
<1
qn=q ()= max{‘l — 2[)77/()\1 +m)‘ n Sn;ﬁ, - 2{)77’()%1 B m)‘ N 3nb77’L}

/

2n 3nny 2 3nny
:max{l—g()\l—km)—k PTE 2 ey — ) + m“}

b b b
2 / /
=1- %(An—l —nt) + 3";7 ‘
2(Ap—1 — —
_1- 2 bm) MLt e (0,1).

Moreover, by the gap assumption A, + 4nt < \,_1 we have

2(An—1 —ne) =3me - 22, (1 — 4m2)>

n - —n>/
q q _77< b b

2 /
> 777 (An—1 — Ap — 3n1)

> 0.

Therefore 0 < q_,, < g, < 1. Thus we can set £ = M to be small such that

d—n

0<qgi=—I7 4 (20)
1 qn — & - Ao/Bo
Moreover, since /nt < poly (€) and £ = %, we have
1
qn — & - Ao/Bo 2
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Now we recursively show B’“ <3 AU . Clearly it holds for k£ = 0. Suppose B’“ <3 AO , we consider

g’;“ in the following

Ak+1<qfn‘Ak+§'Bk
Bri1 7 qn-Br—§-Ag
qfn'%:+£
_g.ﬂ
Qan+§
o —&-Ag/By
qgn—&-Ao/BoBr,  qn—& - Aog/By
A 1-—
P Gk )L
B 2

(by Lemma 17)

(by inductive assumption)

(by Eq. (20) and (21))

_Fou

where in the last inequality we assume § < %
Moreover, from the above we have
A1 A, (1—q)e

<gq + )
Biy1 "By 2

which implies
Ap, < Ay 1 (1= q)e,

Bk2 B 1 —q 2
<

where we set ks > O (log 1).

Next we prove the directional bias of SGD with small learning rate.

Theorem 9 (Theorem 3, formal version) Suppose 3nt < A\, and \,, + 4ne < Ap_1. Suppose vy
is away from 0. Consider the SGD iterates given by Eq. (8) with the following small learning rate

scheme )
=1 0, — k=1,... ko.
/r]k ,r/ 6 ( ) 2A1 + 2nL ) ) ) 2
Then for 0 < € < 1 satisfying \/nv < poly (€) , if ko > O (log %) , then
U’LH Uk,

'Yn = — 9 ( +€)
1Pyl
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Proof First by Lemma 18 we have
B 1

3 5 =
Ay, + Bj,

> >1— €. 22
AiiQ 1 - 62 + 1 _ € ( )
B2 T
Nextby H = H,, + H_,, + H. we obtain

U0k (Pvry) THa(Paviy) | (Ponvhy) THon(Pontsy) | (Poy) T He(Poy)

7 = 2 2 2
(| P, [I5 ([ P, |3 [P, [|3 ([ P, [|3
Py, |2 P 2
< Ap- M + (A1 +ne) - I "U’m!Q + 4v/ne by reloading Lemma 5, 6, 7
| Pk, 15 | Pug, I

A2
k
<A+ (A +ne) - erzL\/ﬁL
< Y e+ (A +ne) - € 4 4y/ne by reloading Lemma 4 and Eq. (22)
< Yp + Y€ since v/nt < poly (e)

. vl Hv . . . . .
Finally, we note Hlﬁ ﬁé > 7y since 7y, is the smallest eigenvalue of H restricted in the column
’l}k2 2
space of P. |

Theorem 10 (Theorem 4 third part, formal version) Suppose 3n. < A\, and A\, + 4ne < A\,_1.
Suppose vy is away from 0. Consider the SGD iterates given by Eq. (8) with the following small

learning rate scheme
=1 el0, — k=1 k
i n ’ 2A1+27’LL ’ A

Then for 0 < € < 1 such that \/n. < poly (€), if ko > O (log %) , then SGD outputs an M-
suboptimal solution where M = %(1 —€) > 1 is a constant.

Proof From Eq. (8) and 1/ < ﬁ we know that restricted in the column space of P, the eigenvalues
of M is smaller than 1, thus v indeed converges to 0.
Consider an a-level set where

1
o= Ls(v) = EUILH’U]Q. (23)
Then
A Pug||?
A(Q:) = | :;HQ (by Lemma 8)
| Pokl3
= - by Eq. (23
T oT Hoy (by Eq. (23))
1
> — by Theorem 9
ZM (1+6)% ( y )
71
> —(1—c¢
> %( )
=M,
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where we have M > 1 by letting e < 1 — ';—’11 [ |
Appendix C. Proof of Auxiliary Lemmas in Sections A and B

C.1. Proof of Lemma 1

Proof [Proof of Lemma 1] Note that Z; follows uniform distribution on the sphere S d=1 Therefore,
let £ be a random variable following distribution X?l distribution and define z; = & - &;, we have
z; follows standard normal distribution in the d-dimensional space. Then it suffices to prove that

(26, 2)| /([ zill2l|2[2) < ¢ foralli 7 j.
First we will bound the inner product (z;, z;). Note that we have each entry in z; is 1-subgaussian,
it can be direcly deduced that

d d (k) , (B)\ 2
k) (k 2tz
() =3 45 = (2 : )

k=1 k=1

is d-subexponential, where 2" denotes the k-th of the vector z;. Then if follows that

P (e 2 ) < 20 (-5 ).

Next we will lower bound ||z;||2. Note that

d 2
sl —a =30 ()" -1).
pd=3((2Y)

is 1-subgaussian, we have | z;||* — d is d-subexpoential, then

t2
112 —dl >t) < —— .
P (|13 a| = t) < 2exp (-~

Finally, applying the union bound for all possible i, j € [n], we have with probability at least 1 — 4,

the following holds for all ¢ # j,
2n?2
(air2)| < dlog 2,
In2
Jilly > d — |/ dlog =

Assume d > 4log(2n2/8), we have ||z||* > d/2. Then it follows that

(k)

Since z;

_ ‘<Zi,Z]'>| 1 2n2
(@i, 7)) = 70— < 24/ - log ——
B llzill2/lz |2 d d

=l

This completes the proof. |
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C.2. Proof of Lemma 3

Proof [Proof of Lemma 3] Similar to the proof of Lemma 1, we consider translating x1,...,z,
to 21,..., 2, by introducing x? random variables. Let Z_1 = (22,...,2,) € RV in which
each entry is i.i.d. generated from Gaussian distribution A/(0, 1). Then we have

Poaiy =X (XWX ) 'X @ =221, Z2.0)7 1 21 5.

Then conditioned on Z;, we have each entry in Z',Z i.i.d. follows N(0,1). Then it is clear that
121, %1 |2 follows from x?2_, distribution, implying that with probability at least 1 — ¢, we have

1Z1121]13 < (n = 1) + /(n — 1) log(2/").
Then by Corollary 5.35 in Vershynin [33], we know that with probability at least 1 — ¢” it holds that
Vd — V=1 —/210g(2/8) < omin(Z-1) < Omax(Z-1) < Vd+ vVn — 1+ /2log(2/5").

Therefore, assume /(n — 1) + 1/21og(2/8') < v/d/8, we have with probability at least 1 — ¢’

Vd+vn =1+ /2log(2/)
(ﬁ_ vVn—1-— \/210g(2/5’))2

\;g(l+4<\/n;1+\/2log22/5’)>>.

2, set &’ = §/2, we have with probability at least 1 — ¢

IN

|z,

Combining with the upper bound of || Z T, 7,
that

|Pslle < | Z-1(20 22007 |- 1XTale

§<1+4<\/";1+\/210g4/5 )) F \/Vn—llogél/é)

< (1+4vme) -V,

where the last inequality follows from the definition of ¢. Then assume /nc < 1/4, we are able to
completes the proof of the first argument. Note that || P71 ||3 + || P_1Z1]|3 = ||Z1]|3 = 1, we have

HP,15‘1||2 =4/1- ||P1i‘1”% >V1—4n?>1-— 4ni?.

This completes the proof of the second argument. The third argument holds trivially by the con-
struction of P, .
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C.3. Proof of Lemma 4

Proof [Proof of Lemma 4] Clearly XX ' € R%*? is of rank n and symmetric, thus X X ' has
n real, non-zero (potentially repeated) eigenvalues, denoted as 7y, . . ., 7y, in non-decreasing order.
Moreover, 71, ...,7, are also eigenvalues of X TX e R™™, thus it is sufficient to locate the
eigenvalues of X ' X, where (X ' X )i = z]z;.
We first calculate the diagonal entry
<XTX> = x;—xz = )\i-
(%3

Then we bound the off diagonal entries. For j # i,

(X7X), =l = VAR 5) € (—0).

where we use 0 < A1,..., A\, < 1. Thus we have
Ri(XTX)=Y" (XTX)' <m, i=1,...,n,
i N
Finally our conclusions hold by applying Gershgorin circle theorem. |

C.4. Proof of Lemma 5

Proof [Proof of Lemma 5] The first conclusion is clear since by construction, we have P_1 P| =

PP =0.
Note that H_; is arank n—1 symmetric matrix. Let 7o, . . ., 7,, be the n—1 non-zero eigenvalues
of H_;. Clearly, 19, ..., 7, with 7, := 0 give the spectrum of

H' | :=(P_1X)"P_1 X e R™™.

We then bound 72, ..., 7, by analyzing H’ ,
From Lemma 3 we have || P_1Z1]|, < 2y/n¢. From Lemma 2 we have

P_1X = (P_yxz1,P_1x9,...,Pqxy) = (P_1x1, 22, ..., Zy) -
Then we calculate the diagonal entries:
lzil]5 = A, i #£ 1.

Then we bound the off diagonal entries. Let j # i. Then at least one of them is not 1. Without loss of
generality let ¢ # 1, which yields z; = P_jx; by Lemma (2). Thus (z;, Piz;) = (P-1zi, Pizj) =
0. Thus we have

(H, ) (P 1CL‘Z) Pflxj

=z, TP 17
T
=x; x; —x; Plxj
T
= $j

=/ Ai\j - (T4, Zj)
€ (¢ )

29



THE DIRECTIONAL BIAS OF SGD

Thus we have

Ri(H ) =Y ‘(H’,l)ij <m, i=1,...,n.
J#
Finally, we set 4n.? + 2n. < A, so that the first Geoshgorin disc does not intersect with the others,
then Gershgorin circle theorem gives our second conclusion. |

C.5. Proof of Lemma 8

Proof [Proof of Lemma 8] For the empirical loss, it is clear that

1 1 1
Ls()==(w—w) XX (w—w,)=—-v' XX"v=="0vHv

_ %(PU)TH(PU)
- %(PU)THl(Pv) + %(PU)TH,l(Pv) + %(PU)THC(PU)
1

= E(PW)THl(Pw) + %(P_lv)TH_l(P_lv) + %(PU)THC(PU),

where we use Lemma 4, Lemma 5, and Lemma 6. For the population loss,
2 2
Lp(v) = pllw — w3 = p|v]l3 .

For the hypothesis class Hs = {w € RY: Plw = PLwO}, applying w — w, = v and
wo — Wy = Vg, We obtain
/HSZ{UERdZPLU:PLU()}.

For the a-level set, we note the optimal training loss is L = inf,e¢ Ls(v) = 0.
As for the estimation error, we note that inf,eq s Lp(v) = infp, y=p, vyt |0]|5 = p || PLvo]l3 -
thus for v € Hs, we have

A(@) = Lo(v) — inf Lo() = plol3 = ul|Preol3 = | Pol3.

Finally, consider v € V, i.e., na = UTXXT’U, thus

A,=inf Alv)= inf _ pu|Pul5= Ljav
1

veY na=v' XX Tv

where ~; is the largest eigenvalue of the matrix X X T and the inferior is attended by setting v
parallel to the first eigenvector of X X T |

C.6. Proof of Lemma 9
Proof [Proof of Lemma 9] From Eq. (7) we have

2 .
Vg, j+1 = <I — an(BJ)> Vg, J= 1, ceey M. (24)
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Recall the following property of projection operators:

pP=PP, P1=P 1P,
0=PP =P 1P.

Moreover since :cZTP v = 0, we have

H(Bj)Piv = Z ziz] Prv=0.
iEBj

Applying P; to Eq. (24) we have
2
Prog e = P1 (1 - :H(Bj)> Ukj

2
=P (I — :H(Bﬂ) (lew' + P_jugj + PJ_ka)

2 2
=P, (I - %H(B )) P+ Py (I - b"H(Bj)> P_yup;

2 2
= (I - :PlH(BJ)P1> . Plvk,j - <;7P1H(BJ)P1> -P,1Uk7j.

Similarly applying P_; to Eq. (24) we have
Poyvgjp = P (I - bH(Bj)> Uk,j

(Prvg,j + Poqvgj + Prug )

b

2
=P, (I - —H ) Pivg + Py <I - ”H(Bj)> P_yvy,

2 2
= — ( nP_ P1 Pl'Ukj < :P_lH(Bj)P_1> . P_lvk’j.

To sum up we have

<P1’Uk7j+1 > <I - PlH(B )P —Qynle(Bj)P,1 ) ) <P1U]€,j )
P—l"Uk,jJrl P 1H(B )P — %P,1H(Bj)P, P_lvk’j

Notice that if 1 ¢ B;, i.e., z1 is not used in the j-th step, then we claim
P H(Bj) = H(B;)P1 =0,

since H(B;) =) ;¢ B, TiT T is composed by the data belonging to the column space of P_;. There-
fore if 1 ¢ B; we have

(#1) = (0 o) (2102)
P,1Uk7j+1 0 I—Q#P_lH(Bj)P_l P,lvkd
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C.7. Proof of Lemma 10

Proof [Proof of Lemma 10] Clearly for each component in the production, the column space of
Py + P, whichis (n — d + 1)-dimensional, belongs to its eigenspace of eigenvalue 1, which yields
the first claim.

In the following, we restrict ourselves in the column space of P_;. Let us expand M _1:

m

2
Moy =TJ( - %P,lH(Bj)P,l)
=1

= (1= 2 Py H (B Py (1= 2Py H (B P-y)

2n s
=1-7 ; P_ H(Bj)P_,

H_ 4

2
+ <2b77) Z P,lH(Bj)Pflﬂ(Bi)Pfl 4+ ....

1<i<j<n

c

We first analyze matrix H_;. Since H (B;) = ZieB,— ziz] and T = {Bi, ..., B} is a partition
for index set [n], we have

H.y =) P H(Bj)P,

Jj=1
m
T
= ZP_l E TiT; P_1
7j=1 i€B;

n
:P_1 E :Ci.CU;-rP_l
=1

=P 1 XX"P4,

which is exactly the matrix we studied in Lemma 5, and from where we have H_; has eigenvalue
zero (with multiplicity being n —d+ 1) in the column space of P; + P, , and restricted in the column
space of P_1, the eigenvalues of H_1 belong to (A, — nt, Ay + ne).

Then we analyze matrix C.

P H(Bj)P1H(B)P)-1= P41 Y mypxg Py | [Py > wpa) Py

i'EB; §'€B;
= Z Z (P_1$i/><P_1LL'i/,P_1$j1>(P_1.fL'j/>T. (25)
i'€B; j'EB;

Remember that B; N B; = @ for i # j, thus zy # ;s for i’ € B; and j’ € BB;. Then from Lemma 1
we have,

}<P_1.’L’Z‘/,P_1w‘j/>} S ‘<:L’Z'/,.Tj/>| S ‘/Ai’)‘j’ L S L.
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Inserting this into Eq. (25) we obtain

|P—1H(B;)P-1H(Bi)P) 1| p < b* - max |[(P-yayr, Poyajp)|* < b2,

We can bound the Frobenius norm of the higher degree terms in matrix C' in a similar manner; in
sum for the Frobenius norm of C, we have

i 2n s s s m
jete <> (5) o ()
s=2

s=2
m

= Z(Qm)s : (Z) —1—2mm
s=0

=142n)" —=1—-2mm

2
§1+m~2m+m2\/é

1
S(2m)? —1-2 for 2mL < —
(2me) mne (for 2me < Qm)
< dm2n22,
where for the second to the last inequality we notice that for f(t) = (1+t)™ and ¢ € [0, 5], we
have f*(t) = m(m—1)(14+t)™2 < m(m—1)(1+ 5-)™"2 < m(m—1)-/e, which implies f(t)

is (m?y/e)-smooth for ¢ € [0, 5--]; moreover, by the assumption that 3n. < A, and n < ﬁ

we can indeed verify that
2bL 2b

= <2 <
An + 3m 6mn

(26)

1
2n < —
2m’

Now we rephrase MIlM,l as

M;rl./\/l_l = <I— 2?T]I‘I_l + CT> <I — 7H_1 + )

2
:Q—?HO—%WQ—H> O—HJC+@C.(M

Restricting ourselves in the column space of P_1, the elgenvalues of H_q belong to (A, — nt, Ag + ne),

2
thus the eigenvalues of (I — %"H ,1) are upper bounded by

2n 2 2n 2
max <1 - ?()\2 + m)) , <1 - ?()\n - m)> <1, (28)

where the last inequality is guaranteed by our assumptions on 7 and ¢. For simplicity we defer the
verification to the end of the proof.

Consider the following eigen decomposition I —2nH_y = U diag (g1, . . ., pn—1,1,...,1) U,
where (11, ..., un—1 € (—1,1) by Eq. (28). Then we have

|1 = nH-)Cll = |

diag (1, .-« fin—1,1,...,1) UTC’UHF

< |vTev| = iciy.
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Therefore we can bound the Frobenius norm of D by

2
1Dl < 2[[(I = 2nH-1)Cl|p + IC][7
2
<2[|Cllp +IClF
< 8m2n22? + 16m*nt
< 9m®n??, (29)
where the last inequality follows from 2nc < 1/(2m) proved in Eq. (26).

Finally, applying Hoffman-Wielandt theorem with Eq. (27), (28) and (29), we conclude that,
restricted in the column space of P_1, the eigenvalues of MIlM_l are upper bounded by

2 9 2
max { (1 - %(AQ - m)> + 9m2n? 2 <1 — %(An — m)) + 9m2772L2}
2 2 ) 2
< max { <'1 - ?77(/\2 +ne)| + 3m77L> ) (’1 - %(An — )|+ 3mm> }

= (g-1(n))*. (30)

At this point we left to verify Eq. (28) and

2 3 2 3
q-1(n) := max{‘l — %(A2 + )| + T;)m 1-— %7()\” —n)| + T;)m} <1 3D
Clearly it suffices to verify Eq. (31).
2
‘1 - ?"(AQ +ng| 4+ 2

3 2(\ 3
% Clel- (2—1—m)77< nt

2 0 — mn >0

n <2

n>0
<= 2)\2—m>0

At 2)\2 +5nL

n< )\2+2 5ne
3nt < Ap (since Ay > A\,)
0< n < )\2+3nL
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Similarly, we verify that

2
‘1—;7()\n—m)’+372m<1
3ne 2(Ap — ne) 3ne
P P i L
p 1T b b

2 n—5ne
LA —Int >0
& { p

2)\"b+nL77 <9
n>0
~= 2M\, — 5ne >0
b
< XoF05m
3nL < Ap,
= b .
0<n< o3 (since Ao > \p)
These complete our proof. |

C.8. Proof of Lemma 11

Proof [Proof of Lemma 11]

Note that during one epoch of SGD updates, z; is used for only once. Without loss of generality,
assume SGD uses x; at the [-th step, i.e., 1 € B;and 1 ¢ B, for j # [. Recursively applying
Lemma 9, we have

<P1Uk,m+1 > _ I ) 0 %
P10k m+1 0 Il (I - #P—lH(Bj)P&)

I-21PH(B)P f%PlH(BZ)P,l
—2p_ H(B)P - 3P 1H(Bj)P

I 0 Py
o 1t (I—QJP H(B;)P ) “\P_v
=1 5 P-1 i) P-1 _1Vk,1

Let vg+1 = Vkm+1, Uk = Vg1 and

2
M =1— %71{111(&)111

. 2
Mer= ][ <I—;7P_1H(Bj)P_1>

Ma=]] <I - leP_lH(Bj)P_1>

j=1
" 2
M_og=My - M- My = H <I — nPIH(Bj>P1>

. b
7=1
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then we have
(Plka) _ <I 0 ) (I— 21 Py H (B) Py —2b’7P1H(Bl)P_1> <I 0 > <P1vk>
P_1vp41 M —%P_lH(Bl)Pl M, 0 My P_juy
I - Q#PlH(Bl)Pl - (%PlH(Bl)P_l) M < Py )
— M <2TUP—IH(BZ)P1) My Py

ja)

(32)

In the following we bound the norm of each entries in the above coefficient matrix.
According to Lemma 5, we have the eigenvalues of P_y H (BB;)P—-; are upper bounded by Ay +
n¢. Thus the assumption n < ﬁ yields

<1
2

)

2
HI - ?77179,1111(E3j)13,1

which further yields
[Msill, <1, [[Mall, <1 (33)

On the other hand notice that P;z; = 0 for ¢ # 1, thus

PlH(Bl)P_l = P1 Z xix;rP_l = Pll'l.%';rp_l,

€8
P_lH Bl P1 P_1 Zl‘zaj P1 P_lxlmIPl,
€8
which yield
max {||PLH (By) P-1ly , | P-1H(B) Pilly} < [Pl - [[P-1z1ly < 2v/mu, (34)

where the last inequality is from Lemma 3 and A; = ||21* < 1. Eq. (33) and (34) imply
2 4
, ‘ ("P_lH(Bl)Pl) } <
2 2

b
Next, by Pyx; = 0 for ¢ # 1 we have

max { H <2;7P1H(BI)P_1> M<l = f(n) (35)

PlH Bl P1 P1 Z$Z£E P1 P1561$IP1 = (Pl.rl)(Pl:L‘l)T,
1€B;

from where we know || P21 ||2 is the only non-zero eigenvalue of the rank-1 matrix PlH (B;) P, and
the correspondlng eigenspace is the column space of P;. Therefore 1 — —7’ | Przq ||2 is an eigenvalue
of the matrix [ — PlH (B;) P1, and the corresponding eigenspace is the column space of P, which

implies
o 2n 2
I — fle Bl)Pl Pl’l)k = 1—— HP1x1H2 Plvk
2

_ ' 1Pl

=: q1(77) | Proglly - (36)
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Finally, according to Lemma 10, we have, restricted in the column space of P_;, the right
eigenvalues of M _; is upper bounded by (¢_1(n))*, which implies

M1 Pyuglly < q-1(n) - | P-yvglly - (37

Note we have ¢_1(n) < 1 by Lemma 10.
Combining Eq. (32) with Eq. (35), (36), (37), and letting By, = ||Prvglly, Ar = [|P_10x ],
we obtain

Bry1 < qi(n) - B +&(n) - A
Bry1 > qi(n) - By —&(n) - A
Apy1 < g1+ (M)A +&(n) - By

|
C.9. Proof of Lemma 12
Proof [Proof of Lemma 12] Let
dn/ne
€= cl) = TV,
2nA
q = q(n) = ’1 - 77b - | P |f5] (38)
2 2
g—1:=¢-1(n) =maxq (1 — —n(/\g + )| + 3nm7 1-— —n()\n —n)| + S :
b b b b
Then for 0 < k < k1, Lemma 11 gives us
B > q1Br—1 — {Ag_1, (39)

Ay, g-1 § ) <Ak—1>
< . , 40
(Bk> - < § @ By (40)
where “<” means “entry-wisely smaller than”.
Let 0, p_1, p1 determine the eigen decomposition of the coefficient matrix, i.e.,

g1 &\ [ cosf sin@\ (p1 O cosf) —sinf @l
¢ q) \—sinf cosé 0 p sinf cosf )’
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Then Eq. (40) and Eq. (41) yield
k
(5:)= ("¢ 5) - (3)
By,) =\ & a By
cos® sinf\ (pF, 0 cos) —sinf\ [Ag
—sinf cos0 0 pb)\sind cosf By

pF L+ (pF —pF)sin20  (pf — pF ) cosOsind\ [Ag
(p} — phy)cosOsing  pf — (pf — py)sin®6) \ B
(Ao pky + (P = pFy) (Ao sin @ + By cos ) sin 6
~ By ph + (,o’f — p’il) (A cosf — Bysinf) sin 6

Ao py + |pf = oty \/A3+Bgsin9>

By - pf + | o} — pk | /AG + Bi sind

_ AO'p’il+‘p]1€_plil‘ ’ HPUOHQ'Sine ) (42)

Bo - p} + | ok = o2 | - | Pvoll, - sind

We claim the following inequalities hold by our assumptions:
0<p71<1<p1§q1—|—§ (43a)

€
Plill [ Poolly < 5 B (43b)
) €
p’fl | Pug||siné < 3 B, (43c)
€

e (40+ %) < @ - Do #34)

The verification of Eq. (43) is left later. In the following we prove the conclusions using Eq. (43).
We first bound Ay, using Eq. (42) and Eq. (43):

Pt = o |- [1Pvoll, - sin 6

< [|Pvolly - P + P} - || Puoll, - sin

€ €

< . _.

<z B+z-B

= €- ﬁ)
which justifies the first conclusion. In addition we can obtain an uniform upper bound for Ay for
k:(),l,...,kll

Ap <Aooty + ‘PllC - P’il‘ |1 Pvolly - sin 6
< Ao+ P} - [ Puolly -sin®
< Ao+ g - B (44)
Next we bound By, using Eq. (42) and Eq. (43):

By, < Bo-p}* + ‘p'fl -

- [[Puo]|y - sin@
< |Puolly - o5 + 44 [|Puoll, - sin

f.g,

k
< |Puolly " + 5
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which justifies the second conclusion.

We proceed to derive the uniform lower bound for By, for k = 0,1,..., k;. We do it by induc-
tion. For £ = 0, by assumption we have By > (5y. Suppose Br_1 > Bo, then by Eq. (39), (43) and
(44) we have

B, > q1- By—1— & Ap
>q-Po—¢&- <A0+§5>
>q-Po—¢&- <A0+§ﬁo>
> fo,

which justifies the third conclusion.

Verification of Eq. (43)
From Eq. (41) and Gershgorin circle theorem we have

G —§<p<q+&

(45)
g1 —&<p-1<q1+¢
Moreover, reformatting Eq. (41) as
g-1 &\ ([ cost sinf\ (p_1 O cosf —sind
& q) \—sinf cos6 0 p1/) \sinf cosé
_ (p-1c0s?0+ p1sin®f  (p1 — p_1)cosBsind
~ \(p1 —p_1)cosfsin® p_yisin?0+ pycos?d
_ <p_1 +(p1 — p_1)sin?0  (p1 — p_1) cos@sin@)
(p1 — p_1)cos@sin®  p; — (p1 — p_1)sinZ6) "’
we then have 0 sin g )
£ _ (pr=p-ajcos e = = tan20. (46)
@1 —q-1  (p1—p-1)(1 —2sin"6) 2
For Eq. (43a), using Eq. (45) it suffices to show
0<q—¢, (47a)
g-1+& <1, (47b)
1<q —¢&. 47¢)

Notice the definitions of q1, ¢—; and £ are given in Eq. (38). Firstly, Eq. (47¢) holds trivially when
n > . Secondly, for Eq. , noticing that £ = < 1= when n > 16, it suffices to
4/3. S dly, for Eq. (47b) icing th 477‘b/m Tt wh 16, it suffi
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show
2 4 2 4
max{'l - %7()\2 )|+ ”bm, 1- %7()\” - m)‘ + TZ”L} <1
- 42u77 1<1— ()\2+TLL)77 <1-— 47I;LL7,,
%n —-1<1- 72()‘"13 m)n <1- 42“7]
29— 2nL77 >0
2)\2-;)-6111,77 < 2
< 2 n— 6TLL,'7 >0
2)\n+2nb77 <9
77 >0
Ao —ne >0
= An —3ne >0
b
n < Ao+3ne
b
n < An+ne
{BnL < A
b
0< n< A2+3ne
which are given in assumptions. Thirdly, for Eq. (47c) it suffices to show
2nA 4
Py 1 - TV
221(1 -4 4
= 1( 2 ne )17 \brn>2 (by Lemma 3)
<~ > b
K A (1 —4ne?) — 2¢/me
b
= n> N3 (since ne < 1)

which are given in assumptions.
For Eq. (43b), it suffices to show set

0.5¢8
108 10,1,

1
o IPwle _ 5 (1og~ ),
log p—1 < gﬁﬁ)

ki=1+

as given in assumptions.
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For Eq. (43c¢), using Eq. (43b) it suffices to show

L3l 1_1cl>ogp,l
o< (222)" -1 (0 )

P1 f1 HP’U0H2
05 17110g((q1+£§)
— . og(g_1—
<~ sinegqfl £~< Eﬁ) '
Q1+ &€ | Pvoll,
G1—€ [ 058\ mo
-1 — . og(q_1—
< £<09(q1—q-1)- < )
@ =20 e Pul,

< /e < poly (ef) . (by Eq. (38))
For Eq. (43c), it suffices to show

é— < (ql - 1)60
— Ap + 0.5¢5

< Vnu<0(). (by Eq. (38))

C.10. Proof of Lemma 13
Proof [Proof of Lemma 13] Let

4n'\/nu
¢ = e() = Y
WA
¢ = aq) = ’1 - 77b LPiz )3
2n' / o’
g-y = Q—l(n’)=maX{‘1—;7(A2+m) +3";”, ‘1—2(%

Then for k1 < k < ko, Lemma 11 gives us

(Ak) < <(J'_1 §/>.<Ak—1)
By) —\ ¢ 4 Bi_1)’

where “<” means “entry-wisely smaller than”. Denote

€ 1
Bi= Pl o + 5 -5 =poly ( 5.

€p

We claim the following inequalities hold by our assumptions:

0<q<q <1,
ge<q -4,
£-B<(1-q )€ B

41
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The verification of Eq. (51) is left later. In the following we prove the main conclusions in the
lemma using Eq. (51). We proceed by induction. Clearly the conclusions are true for k = k;.

Suppose for k1, ...,k — 1, the conclusions are also true. Then the induction assumptions give us
Ap—1 <e€- B, (52)
By—1 < Bg, < B, (53)

where the last inequality is due to B > By, > By > (. Then by Eq. (49) we have
By < ¢y -Bra+& - Ay
<¢ By1+& ¢ B (byEq (52)
<¢q Bi1+ (-1 —a1) B (byEq.(51b))
q"y Br-1, Br-1>p,
{5, B_1 < 5.

<

(by Eq. (51a))

Also by Eq. (49) we have
Ap <q - A1+ & By
<q e B+&-B  (byEq.(52)and (53))
<q¢ e pB+(l—g4)-e B (byEq (5lo)
=€ B.
Verification of Eq. (51)  Notice the definitions of ¢}, ¢’ ; and &’ are given in Eq. (38). Recall

q" 1 < 1is already justified by the choice of learning rate 7’ < ﬁ (e.g., see Lemma 10), thus
for Eq. (51a), it suffices to show

2n' A 2n 3nn’
0<1- ”b LIPz)2 <1 - %’(An—m) e
1 - 25
b ) (by Lemma 3)
2A1(1 — 4ne®) > 2(Ay — ) + 3

< g5
A > Ay + 2
which are given in assumptions.
For Eq. (51b), it suffices to show

which is implied by n¢ < poly (ef3).
For Eq. (51c), it suffices to show

€< e (1-q.)8
<V <poly(ef).  (byEg.(50))

We complete our proof. |
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C.11. Proof of Lemma 14

Proof [Proof of Lemma 14] For the empirical loss,

1 TyvyT [ P . L+ RS )2
Ls(u) =~ (w—w)T XX (w—w)=-u G XX Gu=—-u"Tu=— 4((“).
s(u) n(w Wy) (w — wy) ~u G Gu ~u Tu n;% u
For the population loss,

2 2 2
Lp(u) = pllw —willy = p||Gully = pflullz -

For the hypothesis class Hs = {w eERY: Plw= PLwo}, Note P, G = diag (0,...,0,1,...,1).
Apply w — ws = Gu and notice wg — w, = Gug, then we obtain

Hs = {uERd:PLGu:PLGuo}
:{ueRd:u(i):u(()i), fori=n+1,...,d}.

For the level set, we only need to note that L = inf, e Ls(u) = 0.
As for the estimation error, we note that

AN 2
inf Lp(u) M'Z uy’)
thus for © € U, we have

d .
A = Liw) — inf L) = plul - Y (uf))”

weu i=n+1
n N2 d N2 d )
SHS () e 3 () S ()
i=1 i=n+1 i=n+1
n A\ 2
> (uu)) .
i=1
Now consider v € U, i.e., % oY (u("))2 = «, then
A, = inf A(u) = inf ,uz <u(z)) =—,
uett na=y1 i (u®)® i m
where the inferior is attended when, e.g., u) = =+, /2—‘13‘ andu® = ... =y =0. |
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